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Compactness of conformal metrics with constant 

Q -curvature. I 


YanYan Li* and Jingang Xiong^ 


Abstract 

We establish compactness for nonnegative solutions of the fourth order constant Q- 
curvature equations on smooth compact Riemannian manifolds of dimension > 5. If the 
Q-curvature equals —1, we prove that all solutions are universally bounded. If the Q- 
curvature is 1, assuming that Paneitz operator’s kernel is trivial and its Green function 
is positive, we establish universal energy bounds on manifolds which are either locally 
conformally flat (LCF) or of dimension < 9. By assuming a positive mass type theorem 
for the Paneitz operator, we prove compactness in C 4 . Positive mass type theorems have 
been verified recently on LCF manifolds or manifolds of dimension < 7, when the Yamabe 
invariant is positive. We also prove that, for dimension > 8, the Weyl tensor has to vanish at 
possible blow up points of a sequence of solutions. This implies the compactness result in 
dimension > 8 when the Weyl tensor does not vanish anywhere. To overcome difficulties 
stemming from fourth order elliptic equations, we develop a blow up analysis procedure 
via integral equations. 
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1 Introduction 

On a compact smooth Riemannian manifold (M, g ) of dimension > 3, the Yamabe problem, 
which concerns the existence of constant scalar curvature metrics in the conformal class of g, 
was solved through the works of Yamabe 11571 . Trudinger ll54l . Aubin 0 and Schoen ll49l . 
Different proofs of the Yamabe problem in the case n < 5 and in the case (M, g) is locally 
conformally flat are given by Bahri and Brezis 0 and Bahri 0. The problem is equivalent to 
solving the Yamabe equation 

n-p2 

— L g u = Sign{\i)u n - 2 , w > 0 on M, (1) 

where L g := A g — R g , A g is the Laplace-Beltrami operator associated with g, R g is 
the scalar curvature, and Sign(Xi) denotes the sign of the first eigenvalue Ai of the conformal 
Laplacian — L g . The sign of Ai is conformally invariant, i.e., it is the same for every metric in 
the conformal class of g. 

If Ai < 0, there exists a unique solution of 0. If Ai = 0, the equation is linear and 
solutions are unique up to multiplication by a positive constant. If X 1 > 0, non-uniqueness 
has been established; see Schoen l50l and Pollack |[46l . If (M,g) is the standard unit sphere, 
all solutions are classified by Obata [|44| and there is no uniform L°° bound for them. Schoen 
|[52l established a uniform C 2 bound for all solutions if M is locally conformally flat but not 
conformal to the sphere. The uniform C 2 bound was established in dimensions n < 7 by Li- 
Zhang ll38l and Marques [|43ll independently. For n = 3,4, 5, see works of Li-Zhu [l40ll . Druet 
lfT7lfl8l and Li-Zhang ll37ll . For <8 < n <24, the answer is positive provided that the positive 
mass theorem holds in these dimensions; see Li-Zhang lf38l 139 1 for <8 < n < 11, and Khuri- 
Marques-Schoen ll32l for 12 < n < 24. On the other hand, the answer is negative in dimension 
n > 25; see Brendle [|6l for n > 52, and Brendle-Marques 0 for 25 < n < 51. 
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In this paper, we are interested in a fourth order analogue of the Yamabe problem. Namely, 
the constant Q-curvature problem. Let us recall the conformally invariant Paneitz operator and 
the corresponding Q-curvature, which are defined as Q 

77 / — 4 

Pg /S.g diVg [CL n RgQ ~\~ b n RiCg^)d “p ~ Qg 

„ 1 Ao n 3 - 4n 2 + 1677. - 16 2 2 2 

Qg o 7 T\^9^9 ^ q 7 i n\2 ^9 7 

2(77 — 1) 8(77 — 1) 2 (?7 — 2 y y (77 — 2) 2 

where R g and Ric g denote the scalar curvature and Ricci tensor of g respectively, and a n = 

2 (n-lVn-v) ’ = ~p—>- self-adjoint operator P g was discovered by Paneitz ll45l in 1983, 

and Q g was introduced later by Branson f5J. Paneitz operator is conformally invariant in the 
sense that 

• If ?7 = 4, for any conformal metric g = e 2w g, w G C°°(M), there holds 

Pg = e ~ Aw P g and P g w + Q g = Q~ g e Aw . (4) 

4 

• If ?7 = 3 or 77 > 5, for any conformal metric g = u n ~ 4 g, 0 < u G C°°(M), there holds 

7T. - p4 

Pg{4>) = u-—*Pg(u(P) V 0 G C°°(M). (5) 

Hence, finding constant Q-curvature in the conformal class of g is equivalent to solving 

P gW + Q g = \e 4w on M (6) 

if ?7 = 4, and 

77,-p 4 

P g u = Xu n ~ 4 , u > 0 on M, (7) 

if 77 = 3 or 77 > 5, where A is a constant. 

When 77 = 4, there is a Chem-Gauss-Bonnet type formula involving the Q-curvature; see 
Chang-Yang fill . The constant Q-curvature problem has been studied by Chang-Yang [|T0l , 
Djadli-Malchiodi llT5ll . Li-Li-Liu 1341 and references therein. Bubbling analysis and compact¬ 
ness for solutions have been studied by Druet-Robert lfl9ll . Malchiodi |f42j . Weinstein-Zhang 
li56l among others. 

When 77 > 5, the constant Q-curvature problem is a natural extension of the Yamabe prob¬ 
lem. However, the lack of maximum principle for fourth order elliptic equations makes the 
problem much harder. The first eigenvalues of fourth order self-adjoint elliptic operators are 
not necessarily simple and the associated eigenfunctions may change signs. We might not be 

'if n = 4, \Q,f is defined as the Q-curvature in some papers. 


( 2 ) 

(3) 
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able to divide the study of ([ 7 ]) into three mutually exclusive cases by linking the constant A to 
the sign of the first eigenvalue of the Paneitz operator. Up to now, the existence of solutions 
has been obtained with A = 1, roughly speaking, under the following three types of assump¬ 
tions. The first one is on the equation. Assuming, among others, the coefficients of the Paneitz 
operator are constants, Djadli-Hebey-Ledoux Ifl4l proved some existence results, where they 
decompose the operator as a product of two second order elliptic operators and use the max¬ 
imum principle of second order elliptic equations. This assumption is fulfilled, for instance, 
when the background metric is Einstein. The second one is on the geometry and topology of 
the manifolds. Assuming that the Poincare exponent is less than (n — 4)/2, Qing-Raske Il47ll48)l 
proved the existence result on locally conformally flat manifolds of positive scalar curvature. 
The last one is purely geometric. Assuming that there exists a conformal metric of nonnegative 
scalar curvature and semi-positive Q-curvature, Gursky-Malchiodi |[22l recently proved the ex¬ 
istence result for n > 5. By their condition, the scalar curvature was proved to be positive. In 
a very recent preprint, Hang-Yang ll24l replaced the positive scalar curvature condition by the 
positive Yamabe invariant (which is equivalent to Ai > 0). More precisely, ([ 7 ]) admits a solution 
with A = 1 if 

Ai(— L g ) >0, Qg > 0 and Q g > 0 somewhere on M, (8) 

where Ai(— L g ) is the first eigenvalue of — L g defined above. See also Hang-Yang Il23l for 

n = 3. 

Each of the above three types of assumptions implies that 

Ker P g = {0} and the Green’s function G g of P g is positive. (9) 

In fact, P g is coercive in Djadli-Hebey-Ledoux [|T4|. Qing-Raske Il471l48l and Gursky-Malchiodi 
Ml- We refer to the latest paper Gursky-Hang-Lin ETTl for further discussions on these con¬ 
ditions. If ([9]) holds and Ai > 0, there exists a positive mass type theorem for G g , provided 
M is locally conformally flat or n = 5, 6, 7, but not conformal to the standard sphere; see 
Humbert-Raulot [f28l . Gursky-Malchiodi [|22l and Hang-Yang [j25j. 

Starting from this paper, we study the compactness of solutions of the constant Q-curvaturc 
equation for n > 5. For positive constant Q-curvature problem, there are non-compact exam¬ 
ples. If (M, g ) is a sphere, the constant Q-curvature metrics are not compact in C 4 due to the 
non-compactness of the conformal diffeomorphism group of the sphere. Recently, Wei-Zhao 
lf55l produced non-compact examples on manifolds of dimension n > 25 not conformal to the 
standard sphere. 

Theorem 1.1. Let ( M,g ) be a smooth compact Riemannian manifold of dimension n > 5, but 
not conformed to the standard sphere. Assume ©. For 1 < p < let 0 < u G G 4 (M) be a 
solution of 

P g u = c{n)u p on M, ( 10 ) 
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where c(n ) = n(n + 2)(n — 2) (n — 4). Suppose that one of the following conditions is also 
satisfied: 

i) Ai(-L g ) > 0 and (AT, (?) w locally conformally flat, 

ii) Xi(-Lg) > 0 and n = 5, 6, 7, 

Hi) (AT, (j) is locally conformally flat or 5 < n < 9, and the positive mass type theorem holds 
for the Paneitz operator, 

iv) The Weyl tensor of g does not vanish anywhere, i.e., \W g \ 2 > 0 on AT. 

Then there exists a constant C > 0, depending only on AT, g, and a lower bound ofp — 1, such 
that 

IM|c 4 (m) + I|i/ m IIc 4 (m) < c. (ii) 

The assumption ([9]> in the theorem can be replaced by ([8]), as explained above. The positive 
mass type theorem for Paneitz operator in dimension 8, 9 is understood as in Remark [2~il The 
case 5 < n < 9 for positive constant Q-curvature equation shows some similarity to 3 < n < 7 
for the Yamabe equation with positive scalar curvature. 

The following situations, included in Theorem ll.il were proved before. If AT is locally con¬ 
formally flat and p = ^±|, (fTTI) was established by Qing-Raske [147U48 ] with the assumptions 
that Ai > 0 and the Poincare exponent is less than (n — 4)/2, and by Hebey-Robert lf26l [27ll 
with C depending on the H 2 norm of u, where they assumed that P g is coercive. 

Neither Ai(— L g ) > 0 nor the positive mass type theorem for Paneitz operator is assumed, 
we have an energy bound of solutions. 

Theorem 1.2. Let (iff, g) be a smooth compact Riemannian manifold of dimension n > 5. 
Assume ([9]), and assume that either n <9 or (AT, g) is locally conformally flat. 

Let 0 < u G C' 4 (M) be a solution of (fTOl) . Then 

IMI// 2 (m) < c, 

where C > 0 depends only on AT, g, and a lower bound ofp — 1. 

Next, we establish Weyl tensor vanishing results. 

Theorem 1.3. Let (AT, g) be a smooth compact Riemannian manifold of dimension n > 8. 
Assume ([9]). Let Ui be a sequence of positive solutions of 

P g Ui = c(n)u f, 

where p t < p t — > as i —> oo. Suppose that there is a sequence of X* —y X e AT such 

that ufXi) — > oo. Then the Weyl tensor has to vanish at X, i. e., W g (X) = 0. 
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Furthermore, ifn = 8, 9, there exists X[ —> X such that, for all i, 


W g {X'^<C 


(log m(X')) \ 


ifn = 8, 
ifn = 9, 


where C > 0 depends only on M and g. 

Theorem 1.4. In addition to the assumptions in Theorem U,3\ with n > 10, we assume that there 
exist a neighborhood Ft of X and a constant b > 0 such that 


Ui (X ) < b ■ dist 9 (X, Xi )~V X 6 n, 

X, is a local maximum point ofu t , sup ?/, < bufXf). 

a 

Then, for sufficiently large i, 


\W g {X^<C 


^i 


n - 4 log Ui(Xi), 

4 

n —4 


ifn = 10, 
if n > 11, 


( 12 ) 

(13) 


where C > 0 depends only on M, g, dist g (X, d£l) and b. 

The rates of decay of \ W g (Xi) \ in Theorem U .3 1 and Theorem 1 1 .41 correspond to the Yamabe 
problem case n — 6, 7 and n > 8 respectively; see theorem 1.3 and theorem 1.2 in If38ll . Condi¬ 
tion (fl2l) and (fl3l) can often be reduced to, by some elementary consideration, in applications. 

In a subsequent paper, we will establish compactness results analogous to those established 
in 8 < n < 24 for the Yamabe equation by Li-Zhang l(38l[39l l and Khuri-Marques-Schoen lf32l . 
The present paper provides analysis foundations. 

For the negative constant O-curvaturc equation, we have 

Theorem 1.5. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5. Then 
for any 1 < p < oo, there exists a positive constant C, depending only on M, g and p, such that 
every nonnegative C A solution of 


P g (u) = —u p on M 


(14) 


satisfies 

IM|c 4 (Af) < C. 

The proofs of Theorems ll.il Theorem U .31 and Theorem [L4] make use of important ideas for 
the proof of compactness of positive solutions of the Yamabe equation, which were outlined first 
by Schoen J50] [5T] |52j|, as well as methods developed through the work Li 051 . Li-Zhu 11401 , 
Li-Zhang 071 38li39l. and Marques l43l . Our main difficulty now stems from the fourth order 
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equation, which we explain in details. To understand the profile of possible blow up solutions, 
it is natural to scale the solutions in local coordinates centered at local maximum points. By the 
Liouville theorem in Lin ll4Tl . one can conclude that these solutions are close to some standard 
bubbles in small geodesic balls, whose sizes become smaller and smaller as solutions blowing 
up; see e.g., Proposition l6.ll Then we need to answer two questions: 

(i) Do these blow up points accumulate? 

(ii) If not, how do these solutions behave in geodesic balls with some fixed size? 

For the first one, we may scale possible blow up points apart and look at them individually. 
It turns out that we end up with the situation of question (ii). After scaling we need to carry 
out local analysis. In the Yamabe case, properties of second order elliptic equations, which 
include the maximum principle, comparison principle, Harnack inequality and Bocher theorem 
for isolated singularity, were used crucially. Now we don’t have these properties for fourth 
order elliptic equations. This leads to an obstruction to using fourth order equations to develop 
local analysis. 

We observe that along scalings the bounds of Green’s function are preserved. In view of 
Green’s representation, we develop a blow up analysis procedure for integral equations and 
answer the above two questions completely in dimensions less than 10. This is inspired by 
our recent joint work with Jin OTil for a unified treatment of the Nirenberg problem and its 
generalizations, which in turn was stimulated by our previous work on a fractional Nirenberg 
problem [(29l (30]. The approach of the latter two papers were based on the Caffarelli-Silvestre 
extension developed in [[§]. Our analysis is very flexible and can easily be adapted to deal with 
higher order and fractional order conformally invariant elliptic equations. The organization of 
the paper is shown in the table of Contents. 

Notations. Letters x, y, z denote points in R", and capital letters X, Y, Z denote points on 
Riemannian manifolds. Denote by B r {x) C R n the ball centered at x with radius r > 0. We 
may write B r in replace of /! r (0) for brevity. For X e M, Bs(X ) denotes the geodesic ball 
centered at X with radius 5. Throughout the paper, constants C > 0 in inequalities may vary 
from line to line and are universal, which means they depend on given quantities but not on 
solutions. / = 0^ k \r m ) denotes any quantity satisfying V-f/'fr) < Cr” 1- - 7 for all integers 
1 <j<k, where k is a positive integer and m is a real number. |S n 1 denotes the area of the 
standard n — 1-sphere. Here are specified constants used throughout the paper: 

• c(n) = n(n + 2)(n — 2)(n — 4) appears in constant Q-curvature equation, 

• a n = 9 ( rt _ 2 )( n _ 4 )|s"- 1 | appears in the expansion of Green’s functions, 

/ \ n(n-\-2) 

• C n C\Tl) * Oi n 2|S n—1 1 * 
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Added note on June 1, 2015: Theorem 11.11 was announced by the first named author in his 
talk at the International Conference on Local and Nonlocal Partial Differential Equations, NYU 
Shanghai, China, April 24-26, 2015; while the part of the theorem for general manifolds of 
dimension n = 5, 6, 7 and for locally conformally flat manifolds of dimension n > 5 was an¬ 
nounced in his talk at the Conference on Partial Differential Equations, University of Sussex, 
UK, September 15-17, 2014. We noticed that two days ago an article was posted on the arXiv, 
[Gang Li, A compactness theorem on Branson's Q-curvature equation, arXiv: 1505.07692vl 
[math.DG] 28 May 2015], where a compactness result in dimension n = 5, under the assump¬ 
tion that R g > 0 and Q g > 0 but not identically equal to zero, was proved independently. 

Acknowledgments: J. Xiong is grateful to Professor Jiguang Bao and Professor Gang Tian for 
their supports. 


2 Preliminaries 

2.1 Paneitz operator in conformal normal coordinates 

Let (M, g ) be a smooth Riemannian manifold (with or without boundary) of dimension n > 5, 
and Pg be the Paneitz operator on M. For any point X e M, it was proved in |[33l . together with 
some improvement in [[9]] and Il20ll . that there exists a positive smooth function k (with control) 

—4 

on M such that the conformal metric g = n n - A g satisfies, in g-normal coordinates {aq, ..., x n } 
centered at X, 

det g = 1 in B s 

for some 5 > 0. We refer such coordinates as conformal normal coordinates. Notice that 
det g = 1 + 0(1x1^) will be enough for our use if N is sufficiently large. Since one can view x 
as a tangent vector of M at X, thus det g(x) = 1 + 0(|x| 2 ). It follows that «(x) = l + 0(|x| 2 ). 
In particular, 

«(0) = 1, V«(0)=0. (15) 

In the (/-normal coordinates, 

Rijifi) 0) SyrriijkRij,k(0) 0j 

77,(0) =0, A^i?(0) = -||W 5 (0)| 2 , 

where the Ricci tensor /?,,,■, scalar curvature 77, and Weyl tensor W are with respect to g. We 
also have 

Ag = A + dfg kl d k + 0 g kl ~ s kl )d kl =: A + d^d k + d$d kl , 
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and 


where 


— A 2 + fl^d k + fifdki + fSldkis + fktlA 


klst U Msti 


if : = Arff + d^d.df + 4?9„,4 1> = 0(1), 

/f: = M” + + 4 1) 4 1) + rffa.4? + 4?s.4 1J + 4?s.,4? = o(i), 

/£ : = 2d< 1 >i“ + 9,4? + 2d«4? + if 9,4? = 0(M), 
iff = 24?i-‘ + 4?4? = 0(| I | 2 ). 

Now the second term of the Paneitz operator Pg can be expressed as 

-di v~ g (a n Rgg + b n RiCg)d = -di((a n Rg st + b n R st )g sk g tl d k ) =: jf } d k + f^ } d kh 


where 


f k ] '■ = — di((a n Rg st + b n R st )g sk g tl ) = 0(1), 

/£? } : = —(a n Rg st + b n R st )g sk g tl = 0(\x\). 

By abusing notations, we relabel f ( k . l> as f[. 11 + , and as f ( k j 1 + . Hence, 

-E'(m) : = PgU — A 2 u 

= + f^dku + fl?d kl u + fl? s d kls u + ffildustu, (16) 

where 

fk\ x ) = 0(1), fS\x) = 0(1), fj®(x) = 0(|x|), fj£lt(x) = 0(|x| 2 ). (17) 

We point out that each term of f k takes up to three times derivatives of g totally, each term of 
(x) takes twice, each term of f k jl (x) takes once, and no derivative of g is taken in any term 
of f k f] t . Hence, we see that 

ll/f + ll/f IU°°(b,) + l|v/f + livvlfiiu-w 

<c Y. H^sIlUtB.) (18) 

fc>l,2<Jfc+l<4 


9 



Y. Y. Li & J. Xiong 


Lemma 2.1. In the g-normal coordinates, we have, for any smooth radial function u, 

4 ^. 

r 


Pm =A 2 u + ■ . 

9 2 (n - 1) 


7 1 ' 

- R kl (0)x k x l (cl— + c*u") - -—^ 

r 9(n — 2)r^ 


^(WW(0): 


kl 


n — 4 Ittt . ,, 9 , if six) , . .. „ ,ib 5 (x) ib'Jx) . , , . . 

+ —-— |Wg(0)| 2 W + + lf 3 (x))u - (-^V- + r^) M + 


24 (n - 1) 


r 


+ O^r 4 )?/ + 0{r 3 )u' + 0(r 2 )w, 

where r = |x|, V'k(x), if>' k {x) are homogeneous polynomials of degree k, and 
2(»-n _ (n-lKn-2) = _!LL 2 


(n-2) 


n — 2 


(19) 


Proof Since det g = 1 and w is radial, we have A~u = A 2 u. The rest of the proof is same as 


that of Lemma 2.8 of [22J. It suffices to expand the coefficients of lower order terms of P g in 
Taylor series to a higher order so that + if 3 (x))u" — (— )u' + ifi(x)u appears. 

□ 


If KerP 9 = {0}, then P g has unique Green function G g , i.e., P g G g (X, •) = 5x{-) for every 
X G M, where Sx(-) is the Dirac measure at X on manifolds (M, g). It is easy to check that 
KerP 9 = {0} is conformally invariant. 

Proposition 2.11 11221 . [[24]p . Let (M, g) be a smooth compact Riemannian manifold of dimen¬ 
sion n > 5, on which Ker P g = {0}. Then there exists a small constant 5 > 0, depending only 
on (. M,g ), such that if det g = 1 in the normal coordinate {a; i,..., x n } centered at X, the 
Green’s function G(X, expjj x) of P g has the expansion, for x G P{(0), 

• Ifn = 5, 6, 7, or M is flat in a neighborhood of X, 

G(X,ex p^x) = + A + 0 (A) (\x\), 

• Ifn = 8, 

G(X, exp_Y x) = - ^^|IL(A)| 2 log|a:| + 0 (4) (1), 

• Ifn > 9, 

G(X, exp* x) = -^^(l+if 4 (x)) + 0 (4) (|a;| 9_n ), 

where a n = o(„_o)( n L 4 )|sn- 1 | > A is a constant, W(X) is the Weyl tensor at X, and if 4 (x) a 
homogeneous polynomial of degree 4. 
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Corollary 2.1. Suppose the assumptions in Proposition I2.il Then in the normal coordinate 
centered at X we have 

x «n(l + 0 (4) (k| 2 )+0( 4 )(||/| 2 )) , _ , 

G(expxx,expxy) = - \ x _ y \n-A - + a + 0 (, {\x-y\ ), 

where x, y G B s , x - y = (xi - y 1: ... , x n - y n ), \x - y\ = y / SiLi Wi ~ Vi) 2 ’ « ^ a constant 
and a = 0 ifn > 6. 

Proof. We only prove the case that M is non-locally formally flat. Denote X = exp x x and 
Y = expjj y for x, y G B s , where <5 > 0 depends only on (M, g). For X X, we can find 
gx = v n ~*g such that in the gx-normal coordinate centered at X there hold det gx = 1 and 
v(Y) = 1 + 0^\dist gx (X , Y) 2 ). Let be the Green’s function of P gx . By Proposition l2.ll 

G gx (X , Y) = a n dist 9x (X, Y) 4 ~ n + ri + 0 (4) (< iist gx (X, Y) 6_n ), 


where ri is a constant and .1 = 0 if n > 6. By the conformal invariance of the Paneitz operator, 
we have the transformation law 


G{X,Y) = G gx (X,Y)v(X)v(Y) = G gx (X,Y)v(Y). 

Since gx = and v(Y) = 1 + 0^(dist gx (X, Y) 2 ), we obtain 

dist gx (X, Y) = dist gx (exp^ x, expjj y) 

= (1 + 0 <4) (\x - y\ 2 ))dist s (ex.px x, exp* y) 

= (1 + 0< 4 >(|x - j,| 2 ))(l + 0< 4 >(|x| 2 ) + 0< 4 >(|j/| 2 ))|x - s,|, 


where g is viewed as a Riemannian metric on B t) because of the exponential map exp ^ • 
Therefore, we get 


G(exp ? x, exp x y) = 


1 + 0( 4 )(|x| 2 ) + 0( 4 )(|2/| 2 ) 


\x — y | n_4 

If X = X, it follows Proposition 12.11 We complete the proof. 


+ 0 (4) (|x — y\ 


6—n\ 


□ 


The following positive mass type theorem for Paneitz operator was proved through 
and 


Theorem 2.1. Let (M, g) be a compact manifold of dimension n > 5, and X e M be a point. 
Let g be a conformal metric of g such that det g — 1 in the g-normal coordinate {x \...., x n } 
centered at X. Suppose also that Xi(—L g ) > 0 and ([9]) holds. Ifn = 5, 6, 7, or (M, g) is locally 
conformally flat, then the constant A in Proposition \2.1\ is nonnegative, and A — 0 if and only 
if (M, g) is conformal to the standard n-sphere. 
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Remark 2.1. Suppose the assumptions in Theorem \2.1\ IfW(X) = 0, it follows from Proposi¬ 
tion 2.1 of mi that, in the g-normal coordinates centered at X, the Green’s function G of Pg 
has the expansion 


G(X , exp y x ) 


a 8 |x| 4 + f){9) + log |x|0^(|a:|), n = 8, 

a 9 |*|- 5 (l + MiEXXM If) + A + 0( 4 )(|x|), n = 9, 


where x = \x\9, ip is a smooth function of 9, and A is constant. In dimension n = 8,9, we 
say the positive mass type theorem holds for Paneitz operator if J s „-i f>(9) d9 > 0 and A > 0 
respectively. 


Let 

re —4 

Ux ^ := (l + A 2 |x| 2 ) ’ A > °’ 

which is the unique positive solution of A u = c(n)w™- 4 in M n , n > 5, up to translations by 
Lin m . By Lemma [27T1 in the ^-normal coordinates we have 

re+4 

P-gUx = c(n)Ur 4 + fxU x , (20) 

where f\{x) is a smooth function satisfying that X~ k \X k f\(x)\, k = 0,1,..., 5, is uniformly 
bounded in B$ independent of A > 1. Indeed, by direct computations 

d r U\ = (4 — n) X% (1 + A 2 r 2 )~ r 

dl r U\ = (4 — n)(2 — n)A Ii 2 d (1 + A 2 r 2 )^r 2 + (4 — n)X^ (1 + X 2 r 2 )^. 


Inserting them to the expression in Lemma IXTl (l20l) follows. 

Corollary 2.2. Let ( M,g) be a smooth compact Riemannian manifold of dimension n > 5, on 
which KcrPg = {0}. Then there exists a small constant 5 > 0, depending only on (M, g), such 
that if det. g — 1 in the normal coordinate {x \,.... x n } centered at X, then 


U\{x ) = c(n) / G(expxX,expxy){U x (y)^ + c' x (x)U x (y)} dy + c"(x), 
Jb 5 


where 5 > 0 depends only on M , g, and c' x , c x are smooth functions satisfying 


X~ k \X k c x (x)\ < C, | V fe c"(a:)| < C A^r, 


kjt/ 


for k = 0,1,..., 5 and some C > 0 independent of A > 1. 
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Proof. Let t /( x ) = rj(\x\) be a smooth cutoff function satisfying 

77 (f) = 1 for t < 5/2, 77 (f) = 0 for f > 5. 

By the Green’s representation formula, we have 

(U x rj)(x) = / G(expxX,enpxy)Pg(U x rj)(y)dy. 

Jb s 

Making use of (l20l) and Lemma I2T1 we see that c' x = and proof is finished. □ 


2.2 Two Pohozaev type identities 

For r > 0, define in Euclidean space 

77 — 4 


V(r,u) := 


ldB r 


r\ r\ 

x k d k u—(Au) + Au—(x k dku) dS) 
ou ou 


where v — - is the outward normal to ()I3 r . 

r 1 

Proposition 2.2. Let 0 < u e C A (B r ) satisfy 

A 2 u + E{u ) = Ku p in B r , 

where E : C A (B r ) —> C°(B r ) is an operator, p > 0, r > 0 and K G C l (B r ). Then 

77 — 4 


V(r,u) = / (x k d k u H--— u)E(u) dx + Af(r,u), 


• B r 


where 


J\f(r,u) :=( 


77 


77—4, 


p + 1 
r 


/ Ku p+l dx H- 

lB r P+ 1 


x k di.Ku p+l dx 


' B r 


p + 1 


iC77 P+1 d^. 




( 21 ) 


( 22 ) 


Proof A similar Pohozaev identity without E (77) was derived in |[T6l . We present the proof for 
completeness. For any u e C 4 (B r ), by Green’s second identity we have 


d 


du 


’ B r 


uA 2 udx= / (Au) 2 dx+ / u—(Au) — —AudS 
1 1 ou ' 


’ Br 


ldBr 


du 
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and 


x k dkuA 2 udx= I A(x k d k u)Audx + I x k d k u-^-(Au) — -^-(x k d k u)AudS. 


' B r 


IdBr 


dv 


dv 


Using Green’s first identity, we have 


' B, 


A(x k d k u)Au dx = 2 j (Am) 2 da; + - / x k d k (Au) 2 dx 


J B r 

4 — n 


' B r 


' B r 


(An) 2 da;+ / -(Am) 2 dS. 


>0B r 


Therefore, we obtain 

n — 4 


mA 2 m dx + / x k d k uA 2 u dx 


' B r 


' B r 


n — 4 


/' Q Qqi 

/ u-^-(Au)-^-AudS 

JdBr 


+ [ ^|Am| j + x k d k u-^-(Au) - -^-{x k d k u)AudS. 

JdBr 2 w ^ 


By the equation of u we get 


n — 4 


n — 4 


V(r,u) = / (rdfcM H- u)E(u) dx — j (x k d k u-\ - u)Ku p dx 


' B r 


' B r 


Since 


x k d k uKu p dx= -- / Kx k d k u p+1 dx 


' B r 


p+ i 
n 

p+ 1 
r 


' B r 


Ku p+1 dx 


p+ 1 


' B r 


' B r 


p+ i 


x k d k Ku p+l 


' B r 


Ku p+1 dS, 


we complete the proof. □ 

Lemma 2.2. For G(x) = |x| 4_n + A + 0^(|x|), w/rere A A constant. Then 

lim "P(r , G) = —(n — 4) 2 (n — 2)A|§ n_1 |. 

r —>0 

The following proposition is a special case of Proposition 2.15 of Oil . 
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Proposition 2.3. For R > 0, let 0 < u G ^(Br) be a solution of 

f K(y)u(y) p 

u ( x ) = J | x _ y |n-4 d y + M^O, 

where p > 0, and Hr{x) G C x {Br), X7hn G L 1 (Br). Then 
'n — 4 n \ f , ,„xi , 1 

n — 4 


/ K(x)u(x) p+1 dx-- / rV/f(xWx) p+1 dx 

p+ 1 y Jb r P + 1 Jb r 


'Br 


K(x)u(x) p hn(x) dx + / x'Vhj i (x)K(x)u(x) p da; 




f? 


p + 1 


'dB R 


K(x)u(x) p+1 dS. 


3 Blow up analysis for integral equations 

In the section, the idea of dealing with integral equation is inspired by OT1 . but we have to 
consider general integral kernels and remainder terms. We will use Ai,A 2 , A 3 to denote positive 
constants, and {t* to denote a sequence of nonnegative constants satisfying lini, ^ t, = 0. 
Set 

n + 4 


Pi = 


n — 4 


Tj. 


(23) 


Let {Gj(x, 2/)}“x be a sequence of functions on B 3 x f? 3 satisfying 

Gi(x, p) = Gi(j/, x), Gi(x, y) > A^\x - y\ 4 ~ n , 
\V l x Gi{x,y)\< A|x-p| 4 —*, / = 0,1,..., 5 

!,(«,») = + a , + 0 w ( i 


(24) 




|x - y | 


x - p| 




n—6 


for all x, y G /i 3 , where c n = ^Jlij is the constant given towards the end of the introduction, 

/ = 0( 4 )(r m ) denotes any quantity satisfying |V J /(r)| < Air m ~i for all integers 1 < 3 < 4, 
and a* is a constant and a* = 0 if n > 6. Let {iC}^ G C°°(B 3 ) satisfy 

lim Ki(0) = 1, K t > Af 1 , ||^Hc-s^) < A 2 . (25) 

i—yoo 

Let be a sequence of nonnegative functions in C°°(B 3 ) satisfying 

max hi < A 2 min hi 

B r (x) B r (x) 
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for all x G B 2 and 0 < r < 1/2. 

2 n 

Given p i: Gi, Ki, and h { satisfying (l23l)-(l26l). let 0 < Ui G (£? 3 ) be a solution of 

Ui(x) = [ G i (x,y)K i (y)u? i (y)dy + hi(x) in B 3 . (27) 

Jb 3 

It follows from lf36l and Proposition IA.2I that u, G C 4 ( B 3 ). In the following we will always 
assume Ui G C 4 (B 3 ). 

We say that {u^ blows up if ||wi||L°°(B 3 ) —> oo as * —> oo. 

Definition 3.1. We say a point x G I3 : > is an isolated blow up point of {?/,} if there exist 
0 < r < disifx, dBf), C > 0, and a sequence x, tending to x, such that, x t is a local maximum 
of Ui, ufxi ) —>■ cxo and 


ufx) < C\x — Xi\ 4//< - Pi 1 ' ) for all x G B r (xf). 


Let Xi —> x be an isolated blow up of rt,. Define 


ufr) 


1 


u. 


' 8B r (xi) 


dS, 


r > 0, 


(28) 


and 


Wiiyr) = r 4 ^ Pi 1 ^w i (r), r > 0. 


Definition 3.2. We say x, f 6 B : > is an isolated simple blow up point, ifxt — > x is an isolated 
blow up point, such that, for some p > 0 (independent of i) uii has precisely one critical point 
in (0, p) for large i. 

Lemma 3.1. Given p iy Gi, K t and hi satisfying (l23l)-(l26l). let 0 < Ui G G 4 (i? 3 ) be a solution 
of (l27l) . Suppose that 0 is an isolated blow up point of{ui} with r = 2, i.e., for some positive 
constant A 3 independent ofi, 

u.i{x) < v4 3 |o;|- 4/( ^- 1) for all igB 2 . (29) 


Then for any 0<r<l/3we have 


sup Ui < C inf Ui, 

B2r\B r/2 B 2r \B r/2 


where C is a positive constant depending only on n, A 1: A 2 , A 3 . 
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Proof. For every 0 < r < 1/3, set 

wfx) = r 4 /( pi_1 )-u;(rx). 


By the equation of iq, we have 

wfx) = G i}r (x,y)Kfry)wfy) Pi dy + hfx) i e %, 

J ^3/r 

where 

Gi, r {x,y) = r n ~ A Gfrx,ry) forr > 0 
and hfx) := r A ^ Pi ~ l ^hfrx). Since 0 is an isolated blow up point of tq, 

wfx) < Af\x\~ A ^ Pi ~ l " > for all a; G B 3 . (30) 

Set Oi = B 5 /2 \ f?i/ 4 , tt 2 = B 2 \ B 1/2 and Vfy) = Kfry)wfy) Pi ~ 1 . Thus w { satisfies the 
linear equation 

wfx) = / G it r(x, y)Vfy)wfy) dy + hfx) for x G B 5/2 \ B l/Al 
Vo! 

where 

hfx) = hfx) + / G i>r (x,y)Kfry)wfy) Pi dy. 

By (l30l) and (1251) . || V)||l°°(Oi) < C{n, A 3 , A 2 , A 3 ) < oo. Since K { and Wi are nonnegative, by 
(l24l) on Gi and (1261) on hi we have max^ 2 hi < C(n, A 3 , A 2 ) min^ 2 h. Applying Proposition 
lA.ll to Wi gives 

ma xwi < C min w tl 
^2 ^2 

where C > 0 depends only on n, A 3 , A 2 and A 3 . Rescaling back to Ui, the lemma follows. 

□ 

Proposition 3.1. Suppose that 0 < «; G C 4 (B 3 ) is a solution of tl27l) and all assumptions in 
Lemma 1X71 hold. Let Ri —> oo with Rf = 1 + o(l) and £■, —> 0 + , where o(l) denotes some 
quantity tending to 0 as i —$■ oo. Then we have, after passing to a subsequence (still denoted as 
{uf, Ti and etc . . .), 

II m^ufmfto- 1 ^-) - (1 + | • | 2 ) (4 ~ n)/2 ||c3(B 2fl .(o)) < £i, 
r t := —y 0 as i —> oo, 

where m,; = ttj(O). 
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Proof. Let 

for |x| < 3fflf‘ -1 ^ 4 

By the equation of Ui, we have, 


<Pi(x) 


' B 


,( Pi -!)/ 4 


Gfx, y)K i (y)y i (y) Pi d y + hfx), 


( 31 ) 


pj - 1 _ Pi - 1 

where Gfx, y) = G _ Pi -i (x,y), Ki(y) ^ K i (m i 4 y) and hfx) = m^hfrrii 4 x). 

First of all, maxg R] hi < ma xg Bl Ui < A 3 , by (l26l) we have 

hi —> 0 in Cf oc (M n ) as i —» oo. (32) 

Secondly, since 0 is an isolated blow up point of Ui, 

Pi{ o) = 1, Vtpi(0) — 0, 0 < ipi(x) < A 3 |x| _4/(pi_1) . (33) 

For any R > 0, we claim that 

\Mchb r ) < C(R ) (34) 


for sufficiently large i. 

Indeed, by Proposition IA.2I and (l33l) . it suffices to prove that p t < C in Bi. If pfxf) = 
sup Ri tfi —* oo, set 


Pi(z) = Pi(xi) 1 p i {p i {x i ) (pi 1)/4 ^ + Xj)<l for \z\ < -ipi(xiY Pi 1)/4 . 


By d3l, 


<Pi(zi) = ipi(xi) Vi( 0 ) ->• 0 


for Zi = —Lpi{xiY Pi ~ l ^ A Xi. Since pfxi) < A 3 \xi\~ A ^ Pi ~ l \ we have \zi\ < A^ Pl ~ l \ Hence, 
we can find t > 0 independent of i such that such that z t e B t . Applying Proposition lA.ll to pi 
in £> 2 t (since pi satisfies a similar equation to ([Til) ), we have 


1 = <£i(0) < Cpfzi) 0, 


which is impossible. Hence, pi < C in B]_. 

It follows from (1341) that there exists a function p e 6' 4 (M r 'j such that, after passing subse¬ 
quence, 

Pi(x) —> p in Cf oc (M n ) as * —» oo. (35) 
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Thirdly, for every R > 0, let 

Qi(R,x):= I G i (x,y)K i (y)<p i (y) Pi dy. 

JB 3 

Since K, and : ~p, are nonnegative, a simple computation using (l24l) gives that, for any x G -Br-i, 

x)| < Cgi(R, x), k = 1,..., 5. 

Note that (/;(/?, x) < </?j(x) < C(R). It follows that, after passing to a subsequence, 

gi(R,x)g(R,x) > 0 in C' 4 (B / - i _ 1 ) as * —» oo. (36) 

By (1241) and (1231) . we have 

1 


Gi(x,y) ->■ c„ 


|x - y| 


77-—4 


\/ x 


and iC,(y) —y Ki{ 0) = 1. Combining (l32l) . (1351) and (l36l) together, by (fTil) we have that for any 
fixed R > 0 and x G Br-\ 


g(R,x) = ip(x) - c n 


<p(v)& 


'b r 


\x - y | 


72—4 


d y. 


(37) 


By (1371) . g(R, x) is non-increasing in R. For any fixed x and \y\ > R » |x|, by (l24l) we 
have 

G t .(0,») ■ 1 


Hence, c/j(.R, x) = (1 + 0(^))y.j(-R, 0), which implies 

lim g(R,x) = lim g(R, 0) := Co > 0. 

R—too R—*o o 

Sending f? to oo in (f37l) . it follows from Lebesgue’s monotone convergence theorem that 

V’(x) = c n / ——jT^dy + °o x e 


(38) 


|x - y| 


We claim that c 0 = 0. If not, 


¥>(x) - c 0 = c„ 


<^(y)^ 

lap 5 ” ds > °’ 
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which implies that 


1 = <^(0) > c n 


re+4 
_,re—4 


\x - y | 


n —4 


= 00 . 


This is impossible. 

The use of monotonicity in the above argument is taken from |3T| . 
It follows from the classification theorem in lfT2l1 or ff36l that 


_ re —4 

(p(x) — (l + |x| 2 ) 2 , 


where we have used that </?(0) = 1 and V^(0) = 0. 
The proposition follows immediately. 


□ 


Since passing to subsequences does not affect our proofs, in the rest of the paper we will 
always choose Ri —>• oo with Rf = 1 + o(l) first, and then e* —>■ 0 + as small as we wish 
(depending on Ri) and then choose our subsequence {u ]t } to work with. Since i < ji and 
Hindoo T( = 0, one can ensure that Rf' = 1 + o(l) as i —> oo. In the sequel, we will still 
denote the subsequences as tq, r, and etc. 


Remark 3.1. By checking the proof of Proposition Ij. / I together with the fact V 2 (l + x | 2 ) ~ ^ 
is negatively definite near zero and the C 2 convergence in a fixed neighborhood of zero, the 
following statement holds. Let 0 < ?/, e C 4 ( B : >) be a solution of (1271) and satisfy (l29l) . Suppose 
that ufi 0) —y oo as i —$■ oo, Vwf(O) = 0 and max^ Ui < hutiff) for some constant h > 1 
independent ofi. Then, after passing to a subsequence, 0 must be a local maximum point of Ui 
for i large. Namely, 0 is an isolated blow up point ofui after passing to a subsequence. 

Proposition 3.2. Under the hypotheses of Proposition li.il there exists a constant C > 0, 
depending only on n, Ai, A 2 and A 3 , such that, 

ufix ) > C^ l mf 1 + m < f i ~ 1 ^ 2 \x\ 2 Y 4 ~ n ^ 2 , |x| < 1. 

In particular, for any e G M 71 , \e\ = l, we have 

ufie) > C'- 1 m- 1+((n - 4)/4)Ti . 
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Proof. By change of variables and using Proposition 13.![ we have for r t < |x| < 1, 

ufy) Pi 


ufx) > C 


-i 


’\<r; 1 *^ y I 


n —4 


dy 


> C 1 m. 


> C~ l m, 


r [m i 1 ufm i (pi 1)/4 z)) Pl 
\z\<Ri \nrf Pi ~ l ^ A x — z \ n ~ 4 




Ufz) Pi 


'\z\<Ri \m. 


{Pi l)/ 4 ~|n—4 


dz 


X — Z 


> —C 1 rrii 


n+4 

Ui(z) n ~ 4 


| m (P* ri/ 4 ^ _ ^|n-4 


dz 


= -C 1 m i U 1 (m- Pi 1 ' )//4 x). 
2 


(39) 


Recall that 

/ \ \ ( n - 4 )/ 2 
= (l + A 2 |z | 2 J , A > 0. 

The proposition follows immediately. □ 

Lemma 3.2. Suppose the hypotheses of Proposition ^. h and in addition that 0 is also an isolated 
simple blow up point with the constant p > 0. Then there exist Si > 0 , s i = 0(R i 4 ), such that 

ufx) < Cui(f))- Xi \x\ A ~ n+5i , for all Ti < |x| < 1, 

where \ = (n — 4 — Sf(pi — l)/4 — 1 and C > 0 depends only on n, A\, A 3 and p. 

Proof We divide the proof into several steps. 

Step 1. From Proposition 13.11 we see that 


n — 4 
2 


ufx ) < Cmi 


1 + |m- p “ 1 ' )//4 x| 2 


< Cm i R i 


A—n 


for all |x| = Ti = Rim i 


-(. Pi - 1)/4 


(40) 


Let ufr) be the average of u, over the sphere of radius r centered at 0. It follows from the 
assumption of isolated simple blow up points and Proposition [3J] that 

r 4 /(pi-i lufr) is strictly decreasing for r* < r < p. (41) 
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By Lemma [3711 (I4TT) and (l40l) . we have, for all r, < |x| < p, 

\x\ 4/(pi - 1) ^(x) < C\x\^^- r) Ui(\x\) 
„4/(pi-l)- ( r .) 


<Cr; 

4 —n 

<CR t 2 , 


where we used = 1 + o(l). Thus, 

Ui(x) Pi ~ l < CR^ 4 \x\~ 4 for all r* < |x| < p. 


Step 2. Let 


Ci<j)(y) ■= / G i (x,z)K i (z)u i (z) Pi 1 (j)(z)dz. 
Jb 3 


Thus 


Ui £iV>i + hi- 

Note that for 4 < p < n and 0 < |x| < 2, 


Gi(x,y)\y\ ^dy<A 


'b 3 


1 Jr™ \x - y\ n ~ 4 \y\ p 


d y 


= Adx 


|4 —n 


= Adx\~ p+4 


< C 


|x| _1 x — bl _1 2/| Tl_4 M M 

1 


d y 


bl” 1 ^ — z\ n ~ 4 \z\^ 


dz 


n — /i /i — 4 


x 


—|U+4 


(42) 


where we did the change of variables y = \x\z. By (1421) . one can properly choose 0 < Si = 
0(R^~ 4 ) such that 


Ri<\y\<p 


G i (x,y)K i (y)u i (y) Pi 4 \y\ Si dy <-\x\ 5i , 


and 


/ G i (x,y)K i (y)u i (y) Pi l \y\ 4 n+Si dy < -\x\ 4 n+5 \ 

Jri<\y\ <P 4 

for all r* < |x| < p. 

Set Mi \= 4 n A\ max 0 B ii{ + 2 max^ hi. 


(43) 


( 44 ) 


fi(x) := Mip Si \x | + drrij Ai |x 1 n+<Si 
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and 


x = 


fi (x ), Vi < \x\ < p, 


Ui(x ), otherwise, 

where A > 1 will be chosen later. 

By (l43l) and (l44l) . we have for r, < |x| < p. 

£i<f>i(x) — I G i (x,y)K i (y)u i (y) Pi ~ 1 (pi(y)dy 
Jb z 


'\y\<ri Jri<\y\<p J p<\y\<3 


G i (x,y)K i (y)u i {y) Pi 1 f> i (y)dy 


C A 1 


uAy) Pi , fi Mi 
d 2/ + v + 


'\y\< 


<n \ x - y | 


n —4 


4 2 


n—4 " 


where we used, in view of 


' p<\y\<% 


Gi(x,y)Ki(y)ui(y) Pi 1 (f i (y)dy 


'p<\y\<3 


Gi(x,y)Ki(y)ui(y) Pi d y 


< A\2 n+4 [ G l (^,y)Kfy)u i (yrdy 

Jp<\y\<3 \ x \ 

< Ai2 n+4 max u t < 2 4 ~ n Mi. 

dB p 

By change of variables and using Proposition 13. 11 we have, similar to (l39l) . 


Ui(y) 


Pi 


-1„, \\Pi 


<\<n \ x ~y\ n 4 


d y = rrii 


(' m i V( 


m. 


)Y 


’\z\<Ri \m. 


(.Pi- 1)/4 


dz 


x — z 


\n —4 


< 2 rrii 


< Crrn 


Ui(z) Pi 


\z\<Ri | mf 1 1)/4 x — z\ n ~ A 


dz 


, . 71 + 4 

L/i (*)*=* 


I (P* i)/ 4 ^ _ z ln-4 


dz 


= Cm i Ui(m ( f'‘ ^^x), 

where we used R( n ~ A ( Ti = 1 + o(l). Since |a;| > r*, we see 


l ^ A x ) < Cm\~ v * “ " |x| 

< C'm~ Ai |a;| 4_n+<5i . 


1 (Pi I)! 71 4 )/ 4 I ~|4—7i 
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Therefore, we conclude that 

Ci4>i(x ) + hi(x) < 4>i(x) for all r* < |x| < p, (45) 

provided A is large independent of i. 

Step 3. Note that 

liminf/j(x) > = AR^~ n+Si rrii. 

\x\—yr+ 

In view of (l40l) . we may choose A large such that 

liminf (fi(x) — Ui(x )) > 0. (46) 

\x\^rf 

We claim that 

Ui(x ) < (47) 

Indeed, if not, let 

1 < ti := inf {f > 1, t(f>i(x ) > Ui(x) for all r t < |x| < p) < oo. 

By (l46l) . ti > 1, together with /* > Ui on dB p , we can find a sufficient small open neighborhood 
of dB n U dB p in which l:,o t > Ui. By the continuity there exists y r e B p \ B n such that 

0 = ti4>i{yi) - Ui(yi) > Ci{ti<j)i - Ui)(z/i) + (U - 1 )hi(yi) > 0 . 

We derived a contradiction and thus (l47l) is valid. 

Step 4. By (l26l) . we have max^ h % < A 2 max 3 g h, < A 2 max a ^ u % . Hence, 

Mi < C ma xus. 

dB p 

For Ti < 6 < p, 

p 4/( Pi -l) M . < CpVfo-Vuiip) 

< ce i/{ - Pi - l) Ui(e ) 

< C , 0 4/(pi ~ 1) {M i p' 5l 0- 51 + Amr Xi e 4 ~ n+Si }. 

Choose 6 = 6(n, p, A 1: A 2 , A 3 ) sufficiently small so that 

(JQi/{pi-X) Sio-8i < l„4/(pi-l) 

1 ~ T 
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Hence, we have 


Mi < Cm ■ Ai . 


It follows from (l47l) that 

Ui(x) < 4>i(x) < Cmf Xi \x\~ Si + Amf Xi \x\ 4 ~ n+5i < Cmf Xi \x\ 4 ~ n+Si . 


We complete the proof of the lemma. 


Lemma 3.3. Under the assumptions in Lemma EO for k < n we have 




h[ui](x) < C 




if\x\ < n, 


m t 1+o( ' 1 ^|x| fc n , ifri < |x| < 1, 


□ 


where 


h[ui](x)= / \x-y\ k n ufy) Pi dy. 

J Si 


Proof. Making use of Proposition 13.11 and Lemma [331 we have 


h[ui\(x) = 


' B r 


Ui{y) Pi j , 

-+ 


|x - y\ r 


Uj{y) Pi 

n—k 


n — 2k+4 


< Cm . n " 4 


k - 2/1 

+ 0 (i) r Ui(z) pi 

Jb R . 21 «-* 


Cm, 




IB!\B ri \ x ~ y\ n ~ k \y\ n+A 


d y 
dz 
d y. 


If \x\ < Ti, we see that 


by Lemma iBdl and 


CM*) 


Pi 


'b r . I mf 1 l ^ 4 x — z\ n ~ k 


d z<C 


l Bl \ Bri \ x ~ y\ n ~ k \y\ n+A 


d y < 


B\\B r 


1 i ^ f -is \ p—(n—fe+4) ^ n -t ^+°( 1 ) 

ay < C (n)ftj 


ly |2n— k+4 


Hence, Ik[ui\{x) < Cm 
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If ri < |x| < 1, then | rrif 1 1 ^ A x\ > 1. It follows from Lemma [Bj] that 

, . r i 


,(Pi _ ~| n—k 


dz < 


Jb r . |m- Pi ]/ x — z\ n ~ k (l + \z\) n+4+ °W 
< C\m^~ l)/A x\ k - n . 


dz 


By change of variables z = m- Pl 1 ^ 4 j/, 


l Bl \B r . \x - y\ n ~ k \y\ n+A 


d y = m 


2( fc+4) +o (i) 


| m\ 


(Pi _ ., | n—fc |-,|ra+4 


dz 


Thus 


, 2 ^ n n ,_ fc / 4) + 0 ( 1 ) | (jjj —1)/4 | k—n 

< Cm\rrif ” x\ . 


h[ui\(x) < Cm i n 4 + °^|m- Pl l ^ A x\ k n = m i 1+ °^|x| fc r 


Therefore, the proof of the lemma is completed. 

Lemma 3.4. Under the assumptions in Lemma 13,21 we have 

r i = 0(u i ( o)- 2 /^- 4 ^ 1 )). 

Consequently, mf = 1 + o(l). 

Proof. For x 6 Bi, we write equation (l27l) as 

«i(®) =c n [ K ^ U ^\ dy + 6i(®), 

M p - z/r 

where bfx) := Q'(x) + Q"(x) + ^(x), 


and 


Notice that 


Q'i(x) ■= / (Gfx,y) - c n \x - y\ 1 n )Kfy)ufy) Pi dy 

J Bx 


Qi(x):= / G i (x,y)K i (y)u i (y) Pi dy. 
Jb 3 \b i 


C|x| 


|Gi(x, i/) - C„|x - I/I 4 n | < --—7 + |ai| + C\x - y I 


16 —n 


\S7 x {G l {x 1 y)-c n \x-y\^ n )\ < 


x — y\ n ~ A 

C|a :| 2 


+ 


C\x\ 


\x — y\ n ~ 3 \x — y | 


n —4 


+ C|x — |/| 


5 —n 


□ 


(48) 


(49) 
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Hence, 


\Q'i(x)\ < C{\x\ 2 Ui(x) + \aiW\uf || L i (Sl) + I 6 [u p i i )(x)), 

|VQ'(x)| < C{\x\ 2 h + \x\h + h)K](x), 

where I k [uf](x) = f Bi \x - y\ k ~ n Ui(y) Pi d y. 

By Lemma [3l2l we have Ui{x ) < Cm~ Xi for all x G -B 3/2 \ - 81 / 2 - Hence, Q"(x) + hi(x ) < 
Ui(x ) < C'm i _1+o(1) for any x G dB\ . It follows from (l26l) that 

max h t (x) < C min /i ?; (x) < Crr\ l+0<yl \ 


b 2 


dB 1 


and 


\X7hi(x)\ < C’ max hAx) < Cm, 1+o(1) for all x G Bi. 
s 2 


Since Ui is nonnegative, by (1241) it is easy to check that 

\Q"{x)\ + \S7Q"{x)\ < Cm~ l+o{l) for all x G B 1 . 
Applying Proposition [23] to (l48l) . we have 


Ti / Ui(x) Pi + l — A 2 / \x\Ui(x ) Pi+1 dx 
J B! J Si 


< c ( (\Q'i( x )\ + \x\\V Q'i(x))ui(x) Pi +m, 1+o(1) / u Pi + u Pi+1 ds 


'S 1 


By Proposition l3.1l and change of variables, 

[ Ui{x ) Pi+1 dx > C~ x ^ 


m: 


'S 1 


Pi +1 


IdB 1 


'Si 


S r , (1 + | m ( pi - 1)/4 y| 2 )(—4)(Pi+l)/2 




(1 + |^|2)(n-4)( Pi +l)/2 


dy 


dz 


By Proposition 13.11 Lemma lL2l we have 


< Cm" 1+o(1) , 


'Si 


|x| s rtf +1 < Cm i 2s ^ n for — n < s < n, 


' B\ 


(50) 
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and 


u Pi+1 d S <Cm: 2n/M)+o(1) . 


IdB i 


It follows from Lemma [3731 that 

[ (\Q[(x) | + |x| | VQ'(x) |)tij(a;) Pi+1 dx < C'm“ 2/(n ” 4)+o(1) . 
J B\ 

Therefore, we complete the proof. 

Lemma 3.5. For —4 < s < 4, we have, as i — » oo, 


□ 


1+7 


71+4 


m- 


' B r 


\y\ s ufy) Pi dy -+ / |z| s (l + |«| ) 2 dz 


and 


1+7 


m. 


B i \B r , 


\y\ s Ui{yT &y ->• o. 


Proof. By a change of variables y = m i < ' :p ' we have 


|?/| s Mi( 2 /) Pi dy = m," 


(Pi -!)(»+«) , _ 

4 i Pi 




’ B r 


'Br, 


z)) Pi dz 


By Lemma [3~4l 


771. 


(Pf~l)( s +") | _ 

4 in 


- 1 - 


= (1 + o(l))77ij n 4 . In view of Proposition 13.11 and —4 < 


s < 4, it follows from Lebesgue’s dominated convergence theorem that 

[ \z\ s {mf 1 u i {mf^ Pi ~ l ^ 4l z)) 1Pi dz —> [ \z\ s {1 + \z\ 2 )~^ dz. 


IB, 


Hence, the first convergence result in the lemma follows. 
By Lemma [T2l 


'ri<\y\<l 


\y\ s Ui{y) Pi dy < Cm. 


-Mvi 


s Uil( 4 -"+' 5 *)Pi 


\y\ s \y\ 


i dy 


•7m<|y|<i 

(p, 4 — .5, )p s-n ) 

< Cm.” 7?i.- 4 


/?; 


n+s—(n—4—<5i)pi 


= Cm - 4 - ^ j^n+s-(n-4-Si)pi 


(Pi-!)(*+") i_ p . 


where 0 < Si = 0(R i 4 ) and A, = (ti — 4 — 8i)(pi — l)/4 — 1. Since m i 

_^_ 2s 

(1 + o(l))77ij n ~ 4 and 71 + s — (ti — 4 — S^p, —* s — 4 < 0 as i —> oo, we have the second 

convergence result in the lemma. 

In conclusion, the lemma is proved. □ 
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Proposition 3.3. Under the assumptions in Lemma [P] we have 

Ui(x) < Cu~ 1 ( 0)|x| 4-ri , for all |x| < 1. 

Proof. For |rc| < r t , the proposition follows immediately from Proposition l3.1l and Lemma l3~4l 
We shall show first that 

sup Ui(pe)v,i(0) < C. (51) 

l e l~i 

If not, then along a subsequence we have, for some unit vectors {e,}, 

lim ufpe^uf 0) = +oo. 
i—yoo 

Since ufx) < A 3 in B 2 , it follows from Proposition IA. 1 1 that for any 0 < e < 1 

there exists a positive constant C(e), depending only on n, Ai, A 2 , A 3 and e, such that 

sup Ui < C(e) inf w*. (52) 

B 3 / 2 \B e B 3 / 2 \B e 

Let pi(x) = Ui(pei)~ l Ui{x). Then for |x| < 1, 

pfx) = / Gfx, y)K i (y)ui(pe i ) Pi ~ 1 pi(y) Pi d y + hfx), 

Jb 3 

where hfx) = ufpe^^hfx). Since (pfpef) = 1, by (l52l) 

\Ml^(b 3/2 \b s ) < C(e) for 0 < £ < 1 . (53) 

By (l26l) . we have that for any x G B\ 

hi(x) < Aftifpef) < A 2 . 

Besides, by Lemma [T2l 

ufpei ) pi_1 ->■ 0 (54) 

as i —y oo. Because of (l24l)-([26l ). by applying Proposition IA.2l to (pi we conclude that there 
exists <p 6 C 3 (B i \ {0}) such that —> ip in Cf oc (B 1 \ {0}) after passing to a subsequence. 

Let us write the equation of pi as 

Pi(x) = / G i (x,y)K i (y)u i (pe i ) Pi ~ 1 p i (y) Pi dy+ bfx) : (55) 

J B 1 

where bfx) := J Bs \ Bl Gfx, y)K i (y)ui(pe i ) Pi ~ l pi(y) Pi d y + hfx). By d53]), there exists b e 
C 3 (Bi) such that 

bfx) ->• b(x) >0 in C'f oc {B\) (56) 
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after passing to a subsequence. Therefore, 

/ Gi(x, y)K i {y)u i {pe i ) Pi ~ 1 pi(y) Pi d y = pi(x) - bi(x ) ->■ p(x) - b(x) 


JBx 

in C'i oc {B\ \ {0}). Denote T(x) := p(x) — b(x). For any |x| > 0 and 0 < e < \\x\, in view of 
(1531) and (f54l) we have 

r(x) = lim [ G i (x,y)K i (y)u i (pe i ) Pi ~ 1 p i (y) Pi dy 

= lim (Gi(x,0) [ K i (y)u i (pe i ) Pi ~ 1 (pi(y) Pi dy + 0(rrii) f \y\ui(y) Pi dy 

*"^°° V JB e JBe 

= lim(Gi(x,0) [ K i (y)ui(pe i ) K ~ 1 (p i (y) Pi dy + 
l_KX> J Be 

Goo(x, 0)a(e), (57) 

where we used Lemma [331 in the third identity, a(e) is a bounded nonnegative function of e, 

Gocix, 0 ) = c n \x\ 4 ~ n + d + 0\\x\*- n ) 

by m, a > 0 and a = 0 if n > 6. Clearly, a(e) is nondecreasing in e, so lim e ^, 0 a ( £ ) exists 
which we denote as a. Sending £ —* 0, we obtain 

T(x) = aGoo(x, 0). 

Since 0 is an isolated simple blow point of we have r^(p(r) > p ^ <p(p) for 0 < r < 

p. It follows that p is singular at 0, and thus, a > 0. Hence, 

lim [ /C(y)M;(pe;) Pi_ Vj(?/) Pi dy > a(e) > a > 0. 


' B 


1/8 


However, 


Ki{y)ui(pei) Pi 1 p i (y) Pi dy 


'B 


1/8 


<Cui(pei ) / Ui(y) Pi dy 

J Bl/8 
C 

< 7—r —— —> 0 as i —> OO, 

Ui(pei)Ui( 0 ) 

where we used Lemma [331 in the last inequality. This is a contradiction. 
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Without loss of generality, we may assume that p < 1/2. It follows from Proposition IA.1I 
and (I5TT) that Proposition 13 .3 1 holds for p < \x\ < 1. To establish the inequality in the Proposi¬ 
tion for r'i < |x| < p, we only need to rescale and reduce it to the case of |x| = 1. Suppose the 
contrary that there exists a subsequence Xj satisfying |xj| < p and lim i ^. oo u i (xi)u i (0)\xi\ n ~ 4: = 
+oo. 

Set fj := \xi\, Ui(x) = Then u t satisfies 

Ui(x)= G i ^ i (x,y)K i (r i y)u i (y) Pi dy+ hfx) for x e B 2 , 

Jb 3 

where hfx) = f B \ Ba G itf .(x, y)K i (f i y)u i (y) Pi dy + f^^^hffix). One can easily check 
that u t and the above equation satisfy all hypotheses of Proposition [33] for u t and its equation. 

It follows from ([5Tb that 

Ui(0)ui(^) < C. 

n 

It follows (using Lemma IT4l) that 

lim < oo. 

i—> oo 

This is again a contradiction. 

Therefore, the proposition is proved. □ 

Proposition 3.4. Under the assumptions in Lemma 13.21 we have 

|V fc tq(:r)| < C , M“ 1 (0)|x| 4_ri ^ A '', for all ry < |x| < 1, 

where k = 1,..., 4. 

Proof. Since 0 is an isolated blow up point in B 2 , by Proposition IA. 1 1 we see that Proposition 
!3.3l holds for all |x| < |. For any ry < |x| < 1, let 

<Pi( Z ) = ^-z). 

By the equation of iq, we have 

<Pi(z) = / G i (z,y)K i (y)p i (y) Pi - 1 p i (y)dy + h i (z) : 

d {y:\x+kfy\<3} 

where Gi(z, y) = (^) n ~ 4 Gfx+^z,x+^y), Kfy) = Kfx+^y), and h^z) = (Jfi )n =I h i (x+ 

\-j-z). Since 0 is an isolated blow up point of Ui, we have LpfzY^ 1 < A^ 1 for all \z\ < 1. 
Since Pi,Gi, Ki and hi are nonnegative, by Proposition [AT] we have 

|VVi(0)| < C{\\ipi\\ L oo {Bl) + || hi ||c 4 (-Bi))• 
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This gives 


\x\ 


("2") l v - c \\ u i\\L~(B lxl ( x )) + Cm: 

4 ~r 


-1 


< Cuf 0) 1 |x 


—11 ™|4—n 


Therefore, the proposition follows. 

□ 


Corollary 3.1. Under the hypotheses of Lemma 13.21 we have 

f \x\ s ufx) Pi+1 < Cui(0 ) _2s /( n_4 ) ) for — n < s < n, 

J Si 

Proof Making use of Proposition 13.11 Lemma 13.41 and Proposition 13.31 the corollary follows 
immediately. □ 

By Proposition [33] and its proof, we have the following corollary. 

Corollary 3.2. Under the assumptions in Lemma \3f2\ if we let Tfx) = T'(x) + Tf(x), where 


T'(x)\=uf 0) / Gfx,y)Kfy)ufy) Pi dy 
J Bx 


and 


T"(x) := ufO) / G i (x,y)K i (y)u i (y) Pi dy + u i (0)h i (x). 

Jb 3 \Bx 

then, after passing a subsequence, 

T'(x ) ->• aGoo{x, 0) in Cf oc (B 1 \ {0}) 

and 

Tl\x)^h(x) in CUB,) 

for some h{x) G C 3 (B 2 ), where G^ is the limit of a subsequence ofGi in Cf oc (B\ \ {0}), 


a = 


n-\- 4 

1 N 2 


i + l y| s 


dy. 


( 58 ) 


Consequently, we have 

Ui(0)ui(x) -> aGoo(x, 0) + h(x) in Cf oc (B 1 \ {0}). 
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Proof. Similar to that in the proof of Proposition l3.3l we set ldAx) = Ui(0)ui(x), which satisfies 




Gfx,y)Kfy)um 1 - pi Pi(yr dy + Tf{x) = T'(x) + T'\x). 


We have all the ingredients as in the proof of Proposition [373} Hence, we only need to evaluate 
the positive constant a. By (1571) and Lemma [331 we have 



□ 


4 Expansions of blow up solutions of integral equations 

In this section, we are interested in stronger estimates than that in Proposition 13.31 To make 
statements closer to the main goal of the paper, we restrict our attention to a special K,. Namely, 
given Pi,Gi, and h t satisfying (l23l) . (l24l) and (l26l ) respectively, k, satisfying (1251) with I\, re¬ 
placed by Ki , let 0 < Ui E C 4 (B 3 ) be a solution of 



(59) 


We also assume 


V/q(0) = 0. 


(60) 


Suppose that 0 is an isolated simple blow up point of {«*} with p — 1, i.e., 


ufx) < A 3 \x\ ^ forallx€i? 2 - 


(61) 


and r 4 ^ Pi ^ufr) has precisely one critical point in (0,1). 


Let us first introduce a non-degeneracy result. 
Lemma 4.1. Let v G L°°(M . n ) be a solution of 



Then 



where a 0 ,... ,a n are constants. 
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Proof. Since v E L°° (R n ). by using Lemma I bTTI iteratively a finite number of times we obtain 


|x(x)| < C( 1 + |x|) 


4—n 


(62) 


Let F : M n —» E> n \ {IV}, 


F(x) = 


( 2x 

1 - 

X 

V 1 + 

M 

| 2 ’i + 

X 


n — 4 
2 n ? 

2 is the Jacobian determinant of F and N is the north pole. It follows from 


denote the inverse of the inverse of the stereographic projection and h(F(x )) := v(x)J F (x) 
where J F = 


'i+l*l 

that h E L°°(S n ). Let £ = F(x) and 77 = F(y). Then 

2\x-y\ 


If - v\ = 


V ( 1 + M 2 )(! + \y \ 2 ) 


and dy = 


1 + bl 1 


dy 


are respectively the distance between £ and 77 in M n+1 and the surface measure of §". It follows 
that 


h(£) = 2 77(77, - 2 )(n + 2 )(n + 4 ) a n / |£ — 77I n h(r])dr]. 

J s n 

By the regularity theory for Riesz potentials, h E C 00 (S ri ). Note that the Paneitz operator 


(63) 


P = A 2 

± 9s n gs n 


77 2 — 2 t 7 — 4 A | 77(77 — 2 ) (77 + 2 ) (77 — 4 ) 
^ A H 


16 


with respect to the standard metric g§ n on E> n satisfies 0 — \J F \ A 2 (\.J F \ " 2 F f o F) for 

any £> E C'°°(§ r 'j. By the integral equation of v we have 

P gsri h = 2~ 4 n(n - 2 ) (77 + 2 ) (77 + 4)h. 

Let Y^ be a spherical harmonics of degree k > 0. We have 

P gsn Y {k) = 2~ 4 (2 k + 77 + 2 )( 2 fc + 77) (2k + 77 - 2 )( 2 fc + 77 - 4 )Y (fc) . 

Hence, h must be a spherical harmonics of degree one. Transforming h back, we complete the 
proof. 

□ 


In view of Corollary 12.21 we assume in this and next section that 

l 71 -I- 4 

U\(x)= Gi(x,y){U x (y)^+c'^ i (y)Ux(y)}dy + c'^ i (x) V A > 1, x E B 3 (64) 
Jb 3 
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where c' Xi , c" Xl e C 5 (Bf) satisfy 

5 

0< := E W X ~ k ^ kc 'x,ih-(B 2 ) < A 2 , (65) 

k =0 

and \\d Xi \\c^{B 2 ) < ri 2 A V 1 , respectively. 

Lemma 4.2. Let 0 < £ C A (Bf) be a solution of (l59l) and 0 is an isolated simple blow up 

point of {ui} with some constant p, say p — 1. Suppose (l64l ) holds and let 0,; £>e defined in (1651) . 
77zeu we /rave 

{ max{rj,m“ 2 }, t/5 < n < 7, 

Pj — 1 

max{r,;, @jm “ 2 logm*, m“ 2 }, ifn = 8, V |z| < 

max{r,;, 0 * 77 ^ 71-4 , mf 2 }, ifn > 9, 

Pi - 1 

where pfiz) = 4 z), mi = Wj(0), and C > 0 depends only on n, Ai, A 2 and A 3 . 

Pi - 1 

Proof For brevity, set = m ; 4 .By the equation of ?/,, we have 

(pfiz) = [ G ier i(z,y)Ri(y) Ti pi(y) Pi dy + hfiz), ( 66 ) 

■Lb^ 


where G itr i(z,y) = q n Gfi i 1 xJ i 1 y), kfz) = K i {i i 1 z), and hfiz) = m i hfii i 1 z) with 


hi(x) = / Gi(x,y)Ki(y) Ti Ui(y) Pi dy + hfix). 

J B 3 \Si 

Since 0 is an isolated simple blow up point of Ui, by Proposition 13.31 we have 


ufx) < Cm i l \x 


— 1 1 | 4 -n 


for Id < 1. 


(67) 


It follows that hf x) < Cm i 1 for x E £>i and h t (z) < Cm i 2 for z G B e .. 

Notice that U(jx) < Cmf 1 for 1 < |x| < 3. Let z = £px,. By (l64l) with A = li we have for 

\z\ < h 


n-\- 4 


Ufiz) = I G^-^z.yfiUfiyfGi +mi n 4 c^(d x y)U x (y)) dy + OimA) 

G i)l - i {z 1 y)(R i {y) Ti U l (y) Pi + Tfy)) dy + 0(mf 2 ), ( 68 ) 
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where we used rrf 1 = 1 + o(l), and 

Ti(y) := Ui(y)^ - R i (yY i U 1 (yY i + m i n_4 cJ 4)i (^“ 1 J/)t / 'i(2/)- 
Here and throughout this section, 0(mf 2 ) denotes some function f, satisfying || V fc /t||-B (1 _ £)< ,. < 

_o 2 k 

C(e)m i n ~ 4 for small e > 0 mzrf k = 0,..., 5. 

In the following, we adapt some arguments from Marques |[43l for the Yamabe equation; 
see also the proof of Proposition 2.2 of Li-Zhang lf38Tl . Let 

A * = max I ifii — U\ I. 

\z\<ti 

By (l67l) . for any 0 < e < 1 and eii < \z\ < G, we have \ipfz) — U\(z)\ < C(e)m~ 2 , where 
we used mf = 1 + o(l). Hence, we may assume that A* is achieved at some point |zj| < \Y, 
otherwise the proof is finished. Set 


Vi(z) = ~ Ui(z)). 


It follows from (l66l) and (l68l) that v, satisfies 


Vi{z) = I G i£7 i{z,y)(bfy)vi(y) + ^-Tfy)) dy + -^(m* 2 ), 
Jb,. 1 A * A * 


(69) 


where 

Since 

and 


6 

1 4 Vi-Ui 


G ir i(z,y) <A x \z- y\ 


4 —n 


\Ti{y) | < Crf | logC/i| + | log ^|)(1 + M)"^) + 0^ "- 4 (1 + \y\) 4 ~ n , (70) 


we obtain 


Gi^iziV^Tiiy^dy < Cfo + 0i«i) for |z| < A 


where 


m„- ", if 5 < n < 7, 


»r 2 , 

^ 2 ‘ 


cq = < m ■ log m*, if n = 8, 

m- n_4 , if n > 9. 


( 71 ) 
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Since k fx) is bounded and <pi < CU\, we see 

|6i(»)l < CU^vY'- 1 < C( 1 + li/I)- 7 - 5 , y e B lt . 

Noticing that < 1. by Lemma lB.il we have 



G i !£ -i(z,y)\Hy) v i(y)\dy < c( 1 + \z\) 


min{n—4,3.5} 


( 72 ) 


Hence, we get 

Vi{z) < C((l + | z |)— in{n-4,3.5} + I_ (r . + Q.q,. + m ~ 2 )) for |*| < (73) 


Suppose the contrary that j- max{r, ; , @foj, m i 2 } —>• 0 as i —* oo. Since v(zj) 
we see that 


Zi\ < C. 


l,by dH 


Differentiating the integral equation (l69l ) up to three times, together with (1701) and (l72b . we see 
that the C' 3 norm of v 1: on any compact set is uniformly bounded. By Arzela-Ascoli theorem 
let v := lini, >oc t;, after passing to a subsequence. Using Lebesgue’s dominated convergence 
theorem, we obtain 


v(z) = c, 


Ui(y) n ~ A v{y) d 
| z — y | n_4 ^ 


It follows from Lemma |4~T1 that 


^ / L 

v(z) = a 0 ( n Ui(z) + 0 ■ VUi(z)) + ^ ajdjUi^z), 

3 =1 


where a 0 ,... ,a n are constants. Since u(0) = 0 and V'u(O) = 0, v has to be zero. However, 
v(zi) = 1. We obtain a contradiction. 

Therefore, A, < C'(t, + «j) and the proof is completed. □ 

Lemma 4.3. Under the same assumptions in Lemma 1 4~2\ we have 


( m i 2 > 

< max{0j77\“ 2 logm*, m^ 2 }, 
[max{0jmj n ~ A ,mf 2 }, 


if 5 < n < 7, 
ifn = 8, 
ifn > 9. 


n<C 
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Proof. The proof is also by contradiction. Recall the definition of a* in (THT) . Suppose the 
contrary that G max{0 t a„ m^ 2 } —* 0 as i —> oo. Set 


Vi(z) 


ipi(z) - Ui(z) 

Ti 


gj-l 


It follows from Lemma l4~2l that |i>j(z)| < C in Bf t , where £* = m i 4 .As (l69l) . we have 


v i(z)=f G <r i(z,y)(bi{y)vi(y) B—Tfyfdy B-O^ 2 ), (74) 

* A A 


where 


bi 



pT - £/? 


and 


7<(j/) : = U^y)^ 


^i{y) n Ui{y) Pt + m i n y)(7i(|/). 


By the estimates (l72l) and (1701) for bi and 7) respectively, we conclude from the integral 
equation that ||uj||c 3 is uniformly bounded over any compact set. It follows that Vi —> v in 

C 2 oc (M n ) for some v E (7 3 (M n ). 

Multiplying both sides of (1741) by bfz)(f)(z), where f(z) = ^^Ui^z) + z • VUi(z), and 
integrating over Bp, , we have, using the symmetry of G - ,-i in y and z. 


bfz)vi(z) f(z) - / G itt -i(z,y)bi(y)<j>(y)dy dz 


= - f Ti\ 

T i J B,. 

As i —» oo, we have 


z ) j G i/7 i(z,y)bi(y)(j)(y) dydz + -OimG) j bi{z)<j>{z)dz. 


'Bp, 




G i r 1 0> y)h{y)<!>{y) d y -a c„ 

> i. 


\z-y \ n ~ 4 V ’ 


and 



bi(z)4>(z) dz —y 0 by the contradiction hypothesis, 


ZM 

Ti 


j—4 

(logf7i(z))f/i(^)^. 
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Hence, by Lebesgue’s dominated convergence theorem we obtain 

lim — f Ti(z) f G ier i{z,y)bi(y)(j){y)dydz 
J B J B 

l Tt~ I - 4 

= / <j)(z) (log Ui(z))Ui(z) : ^=idz = 0. 

Jr" 

This is impossible, because 


re.+4 


4>(z )(log Ui(z))Ui(z) ™- 4 d z 
(n — d) 2 ^™ -1 ! (r 2 — l)r n_1 


4 J 0 (1 + r 2 ) n+1 
(n — 4) 2 |§ n_1 | f°° (r 2 — l)r n_1 


r! (1 + r 2 ) n+1 


log(l + r 2 ) dr 


log r dr > 0, 


where we used 

f 1 (r 2 — 1)3 


/ 0 (1 + r 2 ) n+1 


log(l + r 2 ) dr = 


l)s r 


^ (1 + S 2 ) n+ 1 


(log(l + s 2 ) — logs 2 ) ds 


by the change of variable r = 

We obtain a contradiction and thus r t < a,. Therefore, the lemma is proved. 
Proposition 4.1. Under the hypotheses in Lemma 14.21 we have 


m- 


-2 


if 5 < n < 7, 


□ 


\ipfz)-Ui(z)\ <C {vn.a^{Q i m i ^\ogmi,m i }, ifn = 8, 

maxIGjmj n_4 ,m“ 2 }, z/n > 9, 

Proof. It follows immediately from Lemma l4~2l and Lemma [4Jl 


Pi- 1 

V \z\ < m, 4 . 


□ 


1 


Proposition 4.2. Under the hypotheses in Lemma 14.21 we have, for every \z\ < m % 4 , 

I / x TT ( x, . n f max{e,m‘ 2 m"- 4 (l + M)- 1 ,/^ 2 }, ifn = 8, 

|<M3 - L/l(z)| < C < 2( n -8) 

I max{0,m J 72 m I 71-4 (1 + |z|) 8_n , mf 2 }, ifn > 9. 
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Proof. Let on be defined in (T7T1) . We may assume that —* 0 as i —> oo forn > 8; otherwise 

the proposition follows immediately from Proposition l4.il Set 


cd = 


m i 2 '<‘ 4 , 

2(n—8) 
->—2 __ n —4 


if n = 8, 
if n > 9, 


and 


Vi{z) = 


<Pi(z) - Ui(z) 


©*«' 


\z\ <rn i i 


Since —> 0, it follows from Proposition 14.11 that \vi\ < C. Since 0 < (pi < CUi, we 


Pi-1 


only need to prove the proposition when \z\ < \U, where f = m i 4 . Similar to (169b . v h now 
satisfies 


i>i(z)= [ G ir i(z,y)(b i (y)v i (y) + -^T i (y))dy + 7 ^— i O(m i 2 ), 


QiOt'i 


where 


, -rVf-U? 

bi = —- yy~ 

Pi ~ U\ 


and 


ra+4 


Tito) •= Vito)** - fk(y) r, u l (y) K +n»i "■ 4 4„ i («r 1 s)t/iW- 

Noticing that 


mQ/)| < Crid logf/il + I logKi|)(l + bl)- 4 -" + m t "- 4 0,(1 + M) 4 "", 


we have 


77 7 / G i I <ri(^J/)l^i(j/)|dj/<C' 

./ R„ * 


< C 


|z — ?/| ri_4 (l + \y\Ym. 

d y 


2 

n—4 


d y 


iB t . \ z ~y l ” _4 ( 1 + M ) 5 

— c(i + N) \ 


if n — 8, and 




G i I *r 1 (*>S/)l 7 i(2/)l d 2/ < £(1 + 1*1)* 


if n > 9, where we used Lemma I bTTI Thus 


K(^)i<c((i+N)--+(i+i^in 
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for n — 8, and 

k(*)| <c'((i + |z|)- 3 - 5 + (i + |^|) 8 -") 

for n > 9. If n = 8, 9,10,11, the conclusion follows immediately from multiplying both sides 
of the above inequalities by a[. If n > 12, the above estimate gives \vi(z)\ < C( 1 + |z|)~ 3 ' 5 . 
Plugging this estimate to the term f G i e -i (z, y)bi(y)vi(y) d y yields \vi(z)\ < C{1 + \z\) 8 ~ n as 
long as n < 14. Repeating this process, we complete the proof. 

□ 


Pi - 1 

Corollary 4.1. Under the hypotheses in Lemma \4~2\ we have, for very \z\ < m i 4 , 

K’ 

< C( 1 + 1 * 1 ) k < msix{Qim i 2 m" 4 (1 + |*|) 1 ,m i 2 }, 

2(n —8) 

[max{(-) ? ;m^ 2 rrq n_4 (1 + |*|) 8_n , m 4 “ 2 }, 

where k = 1,2, 3,4. 

Proof. Considering the integral equation of = ipi — U\, the conclusion follows from Lemma 
IB.ll Indeed, if k < 4, we can differentiate the integral equation of v r directly and then use 
Lemma iBril If k — 4, we can use a standard technique (see the proof of Proposition I A. 21) for 
proving the higher order regularity of Riesz potential since Vi and the coefficients are of C 1 . □ 


if 5 < n < 7, 
ifn = 8, 
if n > 9. 


5 Blow up local solutions of fourth order equations 

In the previous two sections, we have analyzed the blow up profiles of the blow up local so¬ 
lutions of integral equations. In this section, we will assume that those blow up solutions also 
satisfy differential equations, which is only used to check the Pohozaev identity in Proposi¬ 
tion [2T2l It should be possible to completely avoid using differential equations after improving 
Corollary 12.1[ This is the case on the sphere; see our joint work with Jin tl3Tl . On the other hand, 
as mentioned in the Introduction, without extra information fourth order differential equations 
themselves are not enough to do blow up analysis for positive local solutions. 

Proposition 5.1. In addition to the hypotheses in Lemma 14.21 assume that u t also satisfies 

P gi Ui = cffnfuf in B 3 , (75) 

where det g t = 1, B 3 is a normal coordinates chart ofgi at 0 and ||.7):||c 1,l (R 3 ) < At- 
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(i) If either n < 9 or gi is flat, then 


lim inf V{r,T) > 0, 


r—>0 


(76) 


where Y is a limit of ufO)ui(x) along a subsequence. 

(ii) Ifn > 8, then \W gi (Q) < with C* > 0 depending only on n, A 1: A 2 , A 3 , where 


Qi ■— 'y 1 ©i||v “f" y ' 11^ 

k> 1, 2<fc+Z<4 k> 1, 6<fc+i<8 


and 


(log mi) 1 , 

ifn = 8, 


ifn = 9, 

m i n ~ 4 log mi, 

ifn = 10, 

m,-*, 

if n > 11. 


Pi := < 


(iii) (1761) holds ifn > 10 and 

\w 9 m 2 > c*GiPi. 

Proof It follows from Corollary 13.21 that after passing a subsequence 

liniMj(0)Mj(x) =: r(x), 

where T(x) is in C 3 (B 1 \ {0}). We will still denote the subsequence as iq. 
Notice that for every 0 < r < 1 


m^V(r, uf) —> V(r, T) as i —* oo. 


By Proposition [2T2l 


(77) 


(78) 


(79) 


(80) 


f i 77, — 4 

V(r,Ui) = / (. x k d k Ui-\ - —Ui)E(ui)+J\f(r,Ui), 

J B r ^ 

where E(ui) is as in (fl6l) with g and u replaced by g t and u, respectively, i.e., 

E(ui) : = P 9i Ui - A 2 Ui 

= 2 Qgi U i + fi,k^k u i + fi,kl^kl u i + fi,kls^kls u i + fi,klst^klst u ij 

fi!k ( x ) = CK 1 ); fi%(x) = O(l), fi% s (x) = 0(\x\), f-Xt(x) = 0{ |x| 2 ), (81) 
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and 


A/"(r, Ui ) = 


c{n)Tj 
Pi + 1 


(^-^^ i +X k d k K i Kl i ~ l )u P i i+1 


' B r 


Pi +1 


'9B r 


c{ri)K[ i uf +1 . 


By Proposition 13.31 for 0 < r < 1 we have, for some C > 0 independent of i and r. 


m^Af(r,Ui) > 


rrijr 


Pi + 1 


'dB r 


> — Cr n m l i Pi , 


where we used the facts that Ki(x) = l + 0(|x| 2 ) and |Vk;(x)| = 0(|x|) withO(-) independent 
of i. Hence, we have 

liminf m?Af(r,Ui) > 0. (82) 

2—>• OO 

Throughout this section, without otherwise stated, we use C to denote some constants inde¬ 
pendent of i and r. 

If gi is flat, then we complete the proof because E(ut ) = 0. 

Pi - 1 

Now we assume g, is not flat. By a change of variables z = t{X with ^ = m i 4 , we have 


r yi — ^ 

£i(r) : = m% / (x k d k Ui H-— Ui)E(ui ) dx 

J Br * 


2 2+(4-n)2ij2 




, 77, — 4 

2 <Wi H-— 


77 — 4 


tpQM'Avi + V <r 1+J ri l (<r 1 ^v j v,) d Z , 

j=l 


Pi-1 


where <^(» = ttt,^ 4 «), /fVi 1 z)V 1 <p i = f$(£ t i z)d k ^ i and L z)V j pi i 

defined in the same fashion for j ^ 1. Define 


(1) (p-l. 


tU)io- i. 


is 


\ 2 2 +(4-n)^0 

£i(r) : = m i m i 4 


Bg.r 


z k d k U 1 + ' >L ^U 1 


n — 4 


<r 4 G*tfr'*)Vi + E C +J /fdz. 

7=1 


- T • , 2+(4-n)^V !: 

Notice that m i 4 


1 + o(l), and Qg = 0(1). By Proposition 14.11 Proposition 14.21 
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Corollary 14.11 (1811) and (fl8l) . we have 

|S(r)-£(r)| 


< Cm i m i 


2^ n —4 


/ J2 |V j (^ - C/OlWtl + \z\f- n+i dz 

B kr j = 0 


<c V ||v l ft ||U(B,) 

fc>l, 2<fc+K4 


Now we estimate £,(r). 
If n = 5, 6, 7, we have 


V, 

niax{(-),T, r 2 }, 
max {(-),; log(rm,), r 2 }, 

2(n—10) 

max{0,m, 71-4 ,r 2 }, 


if n = 5, 6, 7, 
if n = 8, 9, 
if n = 10, 

if n > 11. 


£i(r) = rrii 


2+(n-4)n 


= m. 


77 — A 

(x k d k U £i + —~ U £ jE(U £i )dx 
J B r * 

2+(n-4)r; f (^ TT i U ^TT.\(T3 a2 


' B, 

= 0(l)m, 2 l B \x%U tl + ^U,,\U t „ 


{x“d k U lt + —U ti )(P gi - A^)U,, dx 


where we have used (P fJi — A 2 )!/^ = 0(l)Ue i because of (l20l) . and 

\\x\ k \7 k x U ei {x)\ < C{n,k)U ei {x) for k e N. 

Hence, 

\£i(r)\ < Cr 8 ~ n < Cr. 

Therefore, (f76l) follows from (l82l) . (l84l) and (l86l) when n — 5,6, 7. 

If n > 8, by Lemma I2T1 we have 


-Uij^lsdsUi + c* 2 s 2 d ss Ui) dz 


£i(f) — ~ ~7» J {sdslh + —y 4fr TT 1 "*" 2; 

32 (n - l) 7i 


(83) 


(84) 


(85) 


( 86 ) 


,, 2 , ( S 9,£/i + \^£/i)s 2 (9„C/i-—)d 2 

3(n-2)n 2 J^ 2 s 

+ {n — 4 ) 7 , f (sdgUi-l -——C/i)C/i dz + 0(a") ^ i^ 7fc 5 , i|li,° o (B 3 )j 




fc>l, 6<A;+i<8 
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where we used the symmetry so that those terms involving homogeneous polynomials of odd 


degrees are gone, s — \z\, % — 


2(n— 8) . , .v 
n-4 +("~ 4 )Ti 


24(n—1) 


l^,:(0)l 3 > 0? 


a'! = 




r 10 n , if n = 8, 9, 


' B r 


\x\ 2 U £i (x) 2 dx = 0(1) < logrm,, if n = 10, 

1 2(n —10) 

m,; n ~ 4 , if n > 11. 




and cl, c* 2 are given in (fl9l) . By direct computations, 


„ TT n — 4 rr n — 4 1 — r 2 

rd r Ui H-Oi =-—- 

2 2 (1 + r 2 )"? 


c\rd r Ui + c* 2 r 2 d rr Ui — (4 — n) 


(cj + c^)r 2 


+ (4 — n) (2 — rz) - 


*„4 


Cnr 


d rr U i 


= (4 — n) 
drUx 


(1 + r 2 ) 1 ^ ' ' '' 7 (1 + r 2 ) 2 " 

(cj + c* 2 )r 2 + (cl + (3 - n)c* 2 )r 4 


(l + r 2 )f 
= (n — 4)(n — 2)(1 + r 2 )~ r 2 . 


Thus 


fi(r) = ———7i|S” _ Vi + O(o,") V IIVVIIj 

n 




fc>l, 6<fc+/<8 


where 

Ji 


16(n—1) . n'l 4] n— 1 


^ (1 - s 2 )[f + (cl + c* 2 + n)s 2 + (cl + (3 - n)c* 2 - + f)s^ 


(1 + S 2 )”- 1 

If n = 8, we have — (c* + (3 — n)c 2 + 1) = (2n— 12) + y — 4 = y. Since f^ r s13 


ds. 


Jo (i+W ds 00 

as — > oo, Hence, J — > oo as i — > oo. For n > 9, we notice that for positive integers 

2 < m + 1 < 2k, 


r»00 _i_m 


d t = 


m - 1 f 00 f m “ 2 


If — oo, we have 
2 n 


Ji = 


(1 + t 2 ) k 2k — m — 1 ,/ 0 (1 + f 2 ) fc 

8 n 


dt. 


n — 4 


( C 1 + c 2 + n ) 


(n — 6 )(n — 4) 


, * /o \ * 16(n - 1) n 

( c i + (3 — n)c 2 --h — 


12n(n + 2) 


3n 


2 (n — 8)(n — 6)(n — 4) J ,/ 0 (1 + s 2 )”- 1 


00 s n—1 


ds. 
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We compute the coefficients of the integral, 


2 n 

n — 4 


- {cl + c* 2 + n) 


8n 


(n — 6 )(n — 4) 


, * /o n * 16(n - 1) n. 

( c i + (3 - n)c 2 -—-b -) 


12n(n + 2) 


2 n 

n — 4 


,77,(77, —2) , 4 

1 + ( V 0 - 8) 


377. ' 2 7 (77 — 8) (77 — 6) (77 — 4) 

377, 16(77, — 1) 


(n - 6) + ( 2 + 


3?7 


12 ) 


6(n + 2) 


(77, — 8) (77, — 6) 


2n r 2n 2 — 5 t7 — 26 9(n + 2) 32(n - l)(ra + 2) 


77 


-4l 


77,-6 


(77 — 6) 77(77, — 8) (77. — 6) 


4t7(t7 2 + 277. — 4) 

> ---T7-r— > 0. 

(77, — 4) (77 — 6) 

Therefore, for any 0 < r < 1 and sufficiently large i (the largeness of i may depend on r), we 
have 

Ji > 1/C(n) > 0. (87) 

In conclusion, we obtain 


^ f^l^( 0 )| 2lo g^ + O K)Efc>l,6<fc+Z<8ll Vfc ^llL-(S 3 )’ if 77 = 8, 

ti{r) > < 2(rt —8) (88) 

l + 0( a i) Efc>l, 6 <fc+Z<8 ll^ fc 5 , illL tx> (B 3 )) if 77 > 9. 

Combing (l82l) . (l84l) and (fMl) together, we see that, for n > 8, 

777 2 'P(r,77 i ) = 777 2 jV(r, Kj) + (^.(r) - fj(r)) + £(r) 

> 777 2 TV'(r, Mj) + ^i(r) - Cr (89) 

where Cr can be set to zero when n > 9. Ifn = 8,9, by sending i —* oo in (|89|) we have 
V(r, T) > —Cr. Thus (l76l) follows and the conclusion (i) is proved. 

If 77 > 10 and \ W gi (0)\ 2 satisfies (l79l) for large C* > 0, by (l88l) we see that (£*(r) — Stir)) + 
£i{r) > 0. Hence, the conclusion (iii) follows. 

Since \V{r, T)| < C, it follows from (l89l) that for large i, £i{r ) < C. In view of (fMl) and 
the definition of a", the conclusion (ii) follows. 

□ 


Proposition 5.2. Given p,. G u and hi satisfying (1231) . (l24l) and (f26l) respectively, satisfying 
(f25f) with Ki replaced by k u let 0 < Ui E C 4 (Bf) solve both (f59l) and (f75T) . and assume (l64l) 
holds. Suppose that 0 is an isolated blow up point of{ut} with (I6TI) holds. Then 0 is an isolated 
simple blow up point, if one of the three cases happens: 
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• (], is flat; 


• n < 9 ; 


• n > 10 and (1791) holds. 


Proof. By Proposition l3.ll r 4 d pi ^uflr) has precisely one critical point in the interval 0 < r < 
ry, where R t —> oo r* = Rtufl 0) V~ as in Proposition 13. 1[ Suppose the contrary that 0 is not 
an isolated simple blow up point and let /i, ; be the second critical point of r 4/ ' (p '- l ')yflr). Then 
we must have 

hi >Ti, lim Hi = 0. (90) 

i —^oo 


Set 

vflx) = ny^^ufluix), 

By the assumptions of Proposition 13. 11 Vi satisfies 


x e B 3/ih . 


vflx) = / Gflx, y)kfly) Ti vfly) Pi d y + hflx) 

^fl/^-^vflx) < A 3 , |x| < 2 /Hi —> oo, 

lim Uj(0) = oo, 

i —^oo 

r Bipi-^vflr) has precisely one critical point in 0 < r < 1, 

and 

where G { = G iiW , kfly) = nfl^y), hflx) = hfl^x) and vflr) = \dBfl~ 1 f gBr iy. 

Therefore, 0 is an isolated simple blow up point of {v;}. 

Claim. We have 

nr 

vfl0)vflx) -► —T^ + ac n in Cf oc (M n \ {0}). (91) 

oc 

where a > 0 is given in (l58l) . 

First of all, by Proposition 13.31 we have hfle) < vfle) < Cvfl 0) _1 for any e G S n_1 , where 
C > 0 is independent of i. It follows from the assumption (l26l) on h, that 

vflO)hflx) < C for all |x| < 2/yUi 



and 


l|V(t>,(0)^)1!, 


•IB i ) 
Wi 


< di\\vfl0)hi\\ L °°( Bj _) < C/i 

Pi 


(92) 
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Hence, for some constant cq > 0, we have, along a subsequence, 

lim ||n i (0)/i;(x) - co||L°°(B t ) = 0, V t > 0. (93) 

i—> oo 

Secondly, by Corollary 13.21 and Proposition [33] we have, up to a subsequence, 

Vi(0) [ G i {x,y)k i {y) Ti v i {y) Pi dy ->• mCf oc (B t \ {()}) for any f > 0, (94) 

JB t FI 

where we used that Gi(x, 0) —>■ c n |x| 4_n . Notice that for any x 6 B t / 2 

Qi( x ) '■= I Gi(x,y)Ki(y) Ti Vi(y) Pi dy < C{n,A x ) max n*. 

dB * 

Since maxaB t Vi < Ct 4 ~ n Vi( 0) _1 , we have as in the proof of (l35l) . after passing to a subse¬ 
quence, 

Vi(Q)Q"( x ) Q( x ) in C ioc(B t ) as i —>• oo 

for some g e C 3 (B t ). For any fixed large f? > t + 1, it follows from ([94b that 


Wj(0) [ Gi{x , |/)K i (|/) T F i (|/) Pi dy 0 

at<|j/|<Ji 

as i —* oo, since the constant a is independent of t. By the assumption ([24]) on G*, for any 
x E B t and \y\ > R, we have 

\W x Gi(x,y)\ < Ai\x — y\ 3 ~ n < - y| 4_n - ^3^(2;, j/). 


A 2 

Therefore, we have |Vg(x)| < -j^q(x). By sending R —» oo, we have |Vg(x)| = 0 for any 
x E B t . Thus, 

g(x) = g(0) for all x G B t . 


Since 


A | r 4/(pi ^(O^r)} = fj(0)-^- {r 4/(pi 1) Xj(r)} 

dr r= l dr 


r=l 


= o, 


we have, by choosing, for example, t = 2 and sending /' to oo, that 


g(0) + c 0 = ac n > 0. 


( 95 ) 


Therefore, ([9Tb is proved. 

It follows from ([971) and Lemma [23] that 

lim inf Vi(0) 2 V(r, v t ) = —{n — 4) 2 (n — 2)a 2 c^\E> n ^ l \ <0 for all 0 < r < 1. 

i —^oo 
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On the other hand, by (1751) Vi satisfies 

P- gi Vi = in B 3/lii , 

where gfz) = gfpiz). It is easy to see that (l64l) is still correct with Gi replaced by G*. If n < 9 
or g t is flat, it follows from Proposition l5.1l that 

lim inf lim inf Vi(0) 2 V(r , Vi) > 0. (96) 

r—>-0 i —^oo 

If n > 10, by (l64l) . we have 

f n +4 a . 

U x (x) = / G i ^ i (x,y){Ux{y)—*+g i c x/ ^ i (g i y)U x (y)}dy + g i 2 ^x) 

J B 3 / M« 

i *** n+A 

= / Gi(x, y){U x (y)—± + c' X i (y)U x (y)} d y + c Xl (x) V A > 1, x e B 3 , 

Jb z 

where d X i {y) := lA^/, M AlHy) and 

I* n+A A n—A 

c",iO) = / Gi^(x,y){Ux(y)^ + +c' x/llt A+y)Ux(y)}dy + p i 2 

By the assumptions for d Xi and c Xi , we have 

5 

0i := v ||A-‘V‘c' A>i |U» (a) < fij e 4 , 

i=0 

and IIc^IIcb^) < CA 2 A 1 ^ 2 , where G > 0 depends only on n, Ai,A 2 . Clearly, we have 
|Wg i (0)j 2 = fi) t |IF gi (0)| 2 . Hence (1791) is satisfied. By Proposition 15.11 we also have (l96l) . We 
obtain a contradiction. 

Therefore, 0 must be an isolated simple blow up point of Ui and the proof is completed. □ 

Lemma 5.1. Let 0 < ti, 6 C 4 (B 3 ) solve both (l59l) and (1751) with n > 10, and assume (l64l) 
holds. For //, —> 0, let 

A 

Vi(x) = f. l- i ~ 1 U i ((J, i x). 

Suppose that 0 is an isolated blow up point of{vi} and (1791) holds. Then 0 is also an isolated 
simple blow up point. 

Proof. From the end of proof of Proposition 15.21 we see that the condition d79l) is preserved 

4 

under the scaling vfx) = pp -1 ufpix). Hence, the lemma follows from Proposition 15.21 

□ 
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6 Global analysis, and proof of Theorem 11.21 

Let (iff, g ) be a smooth compact Riemannian manifold of dimension n > 5. Suppose that 
Ker P g = {0} and the Green’s function G g of P g is positive. Consider the equation 

P g u = c(n)u p , u > 0 on iff, (97) 


where l<v<— A - 

Proposition 6.1. Assume the above. For any given R> 0 and 0 < e < —t/rere exist positive 
constants C 0 = G 0 (M, g. R, e), C) = C\ (M. g. R, e) such that, for any smooth positive solution 
of (l97l) with 

maxwfX) > Gn, 

M 

then — p < e and there exists a set of finite distinct points 

y(u) := {Zi,, Z \ } C A7 


such that the following statements are true. 

(i) Each Zi is a local maximum point of u and 


B fi (Zi) n Br j (Zj) = 0 for if- j, 

where fi = R:a(Z,) ll ^ p ^ 4 , and B n (Zi) denotes the geodesic ball in B 2 centered at Zi with 
radius fi 

(ii) For each Z,, 


1 

u(Zi) U 



{u(Zi)(r-W 4 )) 



< £. 

C 4 (B 2R ) 


(iii) u(X) < C\dist g (x, {Z 2 ,..., Z^}) 11 for all X e M. 


Proof. The proof is standard by now. 


□ 


Proposition 6.2. If either n < 9 or (iff, g) is locally conformally flat, then, for e > 0, R > 1 
and any solution (1971) with ma xm u > Go, we have 


Z\ — Z 2 \ > 5* > 0 for any Zi, Z 2 G y(u), Z\ f X 2 , 


where 5* depends only on iff, g. 
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Proof. Suppose the contrary, then there exist a sequence 0 < — pi < e and u t satisfying 

(l97l) with p = pi, 

ma xufX) > C 0 , 


and 


dist g (Zu, Z 2 fj 


min dist g (Z ki ,Zu) ^ 0 

l<k,l<Ni, k^l y 


(98) 


as i —> 00 , where Ui ) = (Zu, ..., Z N%i ) be the local maximum points of Ui as selected by 

Proposition l6.ll Without loss of generality, we may assume 




Since B Ru . (z hl )-(p,- 1 )/ 4 (Zn) and B Ru . (Zru r ( P , : -i)/4 (Z 2l ) have to be disjoint, we have, because of 
(1981) . that Ui(Zu) —* 00 and Ui(Z 2i ) —>■ 00 . 

Let {xi,..., x n } be the conformal normal coordinates centered at Z u . We write (l97l) as 

P 9i Ui = cirfjKfiff on M, (99) 

-4 

where g t = K?~ 4 g, Ui = KiU it > 0, nfZu) = 1, \7 g Ki(Zu) = 0, and t* = - p t . Since 

dist g (Zu, Z 2 i) 0, for large i we let z 2t E M n such that exp Zi . = Z 2i , and let 

'di := \%2i\ 0 . 


We will sit in the conformal normal coordinates chart B t at where t > 0 is independent of 
i, and write /(ex p Zl . x) simply as f(x). Set 

ifi(x) = 'd^ (j,l ~ 1 ^u i ('d i x) for |x| < f/f/. 

By the equation (l99l) . we have 


PgiPi(x) = c(n)Ki(x) Ti ipi(x) Pi in B t/ #., (100) 

where kfx) = «j(f/x), gfx) = gfdix). Using the Green representation for (l99l) . 


ufx) = c(n ) / Gfx, y)Ki(y) Ti Ui(y) Pi d y + hfx), 
J B t 


where Gfx, y) = G gi (exp Zl . x, exp Zl . y) and 


hfx) = / G 9i (exp Zi . x,F)Ki(y') Ti Mi(y')dxo/ ff .(F). 

J M\exp Zl . B t 
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Hence, pi also satisfies 


Pi(x) = G i ^ i (x,y)K i ('d i y)(p i (y) Pi dy + h i (x) for all x e B t/ #., (101) 

where Gi^x^y) = ^~ 4 G('d i x,'d i y) and hi = 

By proposition [67T] we have 

Ui(x) < Ct\x\-^-^ for all |x| < 3i?j/4, 

Ui(x) <C{ \x — for all \x — z 2 i\ < 3$i/4, 


where Cl depending only on C\, M and g. Hence, 

Pi(x) < C{ |x|~ 4 /(pi-i) for all |x| < 3/4, 

<Pi(x) < C{\x - ^“ 1 ^r 4/(Pi_1) for a U \ x ~ ^ 7 lz 2 i\ < 3/4. 

Set & = ’d~ 1 z 2i . We claim that, after passing to a subsequence, 

<Pi(0),<Pi(&)-> oo as i —)• oo. (103) 

It is clear that Pi(0) and Pi(G) are bounded from below by some positive constant independent 
of i. If there exists a subsequence (still denoted as pG such that lim Pi(0) = oo but Pi(G) stays 

i —^oo 

bounded, we have that 0 is an isolated blow up point for p^ in B :i / 4 when i is large; see Remark 
13.11 Using equation (1101b and (11021) . by the same proof of (l34l) we have sup s Pi < oo. 
It follows from Proposition 13 .3 1 and Proposition IA. 1 1 that lim Pi(G) — 0, but this is impossible 

i— 

since ^ > R.u l (Z 2l )^ < ' J>1 ^ 1 ^ 4 and thus Pi(G) > ^R for some C > 0 depending only on M, 
g, R and e. On the other hand, if there exists a subsequence (still denoted as pi) such that 
Pi( 0) and pi(ii) remain bounded, we know from a similar argument as above that pi is locally 
bounded. The same proof of Proposition 13. II yields that after passing to a subsequence pi —> p 
in C'f or (W l ) for some p satisfying 


p(x) = c n 


p(y) n-4 

-j —t d y for all x G 

x — y n 


V<^(0) = 0, Vp(z) = lim^oo Vpi(Ci) = lim^oo where \z\ = 1 is the limit 

of G up to passing a subsequence. This contradicts to the Liouville theorem in lfl2l or Li lf36l . 
Hence, (11031) is proved. 

Since Vyjj(O) = 0, it follows from the first inequality of (11021) and (11031) that 0 is an isolated 
blow up point of {^9*}. Since n < 9 or (M, g) is locally conformally flat, by Proposition l5.2l we 
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conclude that 0 is an isolated simple blow up point of {ipi}. It follows from Corollary 13.21 that 
for all x G Bi /2 


<Pi( 0) / G i ^ i (x,y)if i (y) Pi K i ('d i y)dy ^ ac n \x\ 4 n (104) 

•J B 1 /2 

and 

<Pi(0)(Q"(x) + hi(x)) ^h(x)> 0 in Cf oc (B 1/2 ), 
where a > 0 is given in (1581) . h(x) G C 5 (Bi/ 2 ) and 

Q"(x)= I G iA (x,y)^i(y) Pi K i ('d i y)dy x G B 1/2 . 


Note that 

tpi(0)Qi(x)>^tpi(0) f ifi(y) Pi dy. 

It follows from (11021) . (11031) and the proof of (1341) that there exists a constant C > 0, depending 
only on M, g, R and e such that <Pi(x) < C<pi(&) for all \x — < |. It follows from the proof 

of Proposition 13.11 that there exist a constant A and an point x 0 G K n with 1 < A < C and 
|x 0 < C such that for any fixed ^> 0 we have 


lim 

2—>■ OO 


1 

Pi (£i) 




(Pi 0/ 4 x ) — U\(x — X 0 ) 


CRB r ) 


By changing of variables y = £* + </?*(&) ^ l ^ A x, we have 


0 


<+( °) 


'B 1/2 «i) 


ifi(y) Pi d y 


(p»-i)” 


1 

C‘ 

1 

C‘ 



4 / 


Jb { 

1 Pi- 

(:Pi-1)™ 

4 

,Pi~ 

(p, : -l)n 


1 \ pi 
— 77^(6 + ¥>i(&) _(pi_1)/4 x) ) dx 


U\{x — x 0 ) Pi dx 


n+4 


where we used 1 < A < C and |x 0 | < C. Since Ui(Zu) > Ui(Z 2i ), we have (^*(0) > ^*(6) 

for some C depending only on M, g. By Lemma [3~4l we have <+(£j) 1+Pi ~ <P! 4 ' = 1 + o(l). 
Therefore, we obtain 


lim <Pi(0)Qi(x) > 


n+4 


C 


(1 + 1^1") 2 d£ —: a 0 > 0. 


(105) 
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In conclusion, 

(Pi(0)(Pi(x) -A ac n \x\ 4 ~ n + h(x) in Cf oc (B 1/2 \ {0}) 

for some nonnegative bounded function in C 3 (B 1 / 2 ) with /; (()) > a 0 . It follows from Lemma 
I2.2l that 

liminfliminf < —(n — 4) 2 (n — 2)aa 0 c n |S ri-1 |. 

r—>-0 i —^oo 

On the other hand, notice that satisfies ([99b . We also have Corollary 12.21 It follows from 
Proposition 15.11 that 

liminf liminf (pi(0) 2 V(r, (pf) > 0 . 

r—>-0 i—> 00 

We arrive at a contradiction. Therefore, (1981) is not valid and the proposition follows. □ 

Theorem 1 1.21 is a part of the following theorem. 

Theorem 6.1. Let Ui E C 4 (M) be a sequences of positive solutions of P g Ui = c(n)u f* on M, 
where 0 < (n + 4)/(n — 4) — pi —> 0 as i —* 00 . Assume ©. If either n < 9 or (M, g ) « 
locally conformally flat, then 

|KI|iT 2 (M) < C, 

where C > 0 depending only on M, g. Furthermore, after passing to a subsequence, {?/,} is 
uniformly bounded or has only isolated simple blow up points and the distance between any 
two blow up points is bounded below by some positive constant depending only on M, g. 

Remark 6.1. On (M, g), we say a point X E M is an isolated blow up point for {u^ if there 
exists a sequence X, E M, where each X, is a local maximum point for Ui and X, —» X, 

4 

such that uflXf) —y 00 as i — > 00 and uflX) < Cdist g (X, Xf) w 1 in BflXf) for some 
constants C,S > 0 independent of i. Under the assumptions that Ui is a positive solution of 
PgUi = clrfvff with 0 < — p i —> 0, KerP 9 = {0} and that the Green’s function G g of 

P g is positive, it is easy to see that if X, X E M is an isolated blow up point of {ui}, 
then in the conformal normal coordinates centered at X,, 0 is an isolated blow up point of 

-4 

{ui(exp x . x)j, where the exponential map is with respect to conformal metric g t = n^~ 4 g, 
Ki > 0 is under control on M, and Ui = see Remark I3.il Since in Theorem 16. 1 1 and 

the sequel those assumptions will always be assumed, the notation of isolated simple blow up 
points on manifolds is understood in conformal normal coordinates. 

Proof of Theorem [6771 The last statement follows immediately from Proposition 16.11 Proposi¬ 
tion [6T2] and Proposition 15.21 Consequently, it follows from Corollary 13. II and Proposition 13.31 

2 n 

and Proposition IA. 1 1 that f M u t n ~ 4 dvol g < C. By the Green’s representation and standard esti¬ 
mates for Riesz potential, we have the H 2 estimates. □ 

Now we consider that n > 10. 
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Proposition 6.3. Let (M, g ) be a smooth compact Riemannian manifold of dimension n > 10. 
Assume ([£]). Let Ui be a sequence of positive solutions of P g u = c{n)u Pi , where pi < n ^, 
Pi —> as i —> oo. Suppose that there is a sequence X* —> X G M such that ufXf —$■ oo. 

For any small e > 0 and R > 1, let dZinf) denote the set selected as in Proposition 1 6.1 1 f or u^. 
If \W g (X)\ 2 > e 0 > 0 on M for some constant e 0 , then there exists 5* > 0 depending only on 
M, g and £o such that Eg* (X) D 3X(ui) contains precisely one point. 

Proof Let 5 > 0 such that \W g (X)\ 2 > e 0 /2 for X G B§{X). Assume the contrary of the 
proposition, then for a subsequence of {uf (still denoted as {«,}) there exist distinct points 
Xu, X H G y(ui) such that Xu, X lt —y X. Define f : Ui ) —> (0, oo) by 

ffX) := min dist q (X',X). 
x’ey(ui)\{x} 


Let Ri — y oo satisfying Riff Xu) —>■ 0. 

Claim. There exists a subsequence of i —* oo such that one can find X[ G ^{ufnBg/^X) 
satisfying 

ffX') < (2Ri + 1 )ffX u ) 


and 


min /j(X) > -ffX'). 

xej?( Ui )n B R . fi{x , ) {x' i ) J 2 J 


Indeed, suppose the contrary, then there exists / G N such that for any i > I, X[ in the claim 
can not been selected. Since ffX u ) < (2R, + l)ffX u ), by the contradiction hypothesis, there 
must exist X 2i G <X(-iq) n B Rifi<yXli fX u ) such that ffX 2i ) < \ffX u ). We can define X H G 
y(ui), 1 = 3..., satisfying ffX H ) < ±ffX {l _ i }i ) and 0 < dist g (X u , < RiffXq^i) 

inductively as follows. Once Xu, l > 2, is defined, we have, for 2 < m < l, that 

distgiXmitXfa^i) < Rifi(X(rn-i)i) < R { 2~ 1 ffX {m _ 2)i ) < ■ ■ ■ < Ri2 2 ~ m ffX u ), 


which implies 

i i 

dist g (Xu,Xu ) < y, dist g (X mi , X (m _i),) < RJfX u ) y 2 2 ~ m < 2RJfXu), 


m =2 


m=2 


and 

ffXu) < dist g (X u ,X u ) + ffXu) < (2Ri + l)ffX u ). 
so X' := X Z j satisfies X' G D Bg/ 9 (X) and the first inequality of the claim. By 

the contradiction hypothesis, there must exist X^+i)* G Xfu,) fl E^f^XufXi) such that 
/i(X( Z+1 )j) < ^fi(Xn). But -X(?./,;) is a finite set and we can not work for all l > 2. Therefore, 
the claim follows. 

By the claim, we can follow the proof of Proposition \62\ with Z Xi replaced by X[. We then 
derive a contradiction to Proposition 15.11 Therefore, we complete the proof. 

□ 
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7 Proof of Theorems II.1L Theorem I1.3L Theorem 11.41 


Proof of Theorem [PI For n = 8,9, since —y oo, it follows from Proposition 16.21 and 

Theorem 16. II that X is an isolated simple blow up points of {«,}. Then Theorem II .31 follows 
from item (ii) of Proposition l5.ll When n > 10, we may argue by contradiction. Suppose that 
\W g (X) | 2 > 0. By Proposition l6.3l Proposition EH and in view of the proof of (1341) under (1331) . 
that there exists a sequence of X[ —>■ X which is an isolated simple blow up point of {tq}; see 
Remark EH By item (ii) of Proposition EH we have \W g (X[)\ 2 —>■ 0. It gives \W g (X)\ 2 = 0. 
We obtain a contradiction. Hence, we complete the proof. 

□ 


Proof of Theorem \L4\ Suppose the contrary, then, after passing to a subsequence, 


ITOI J > 


i 

^ryf 


Ui(Xi) "-4 log Ui(Xi), 

Ui(Xi)-—, 


if 77, = 10, 
if 77 > 11. 


( 106 ) 


For any e > 0 and R > 1, let S?{ui) = {Zu, ..., Z Nii } be the set selected as in Proposition l6.ll 
for Ui, where Ni e N + . Let, without loss of generality, 


dist g (Xi, Z 2i ) = inf dist g {X i ,Z ji ). 
z ji es'(u i ),z ji7 Lx i 

If there exists a constant 5* > 0 independent of i such that dist g (X,, Z 2 i) > 5*, then X, e 
S^{ui) for large i. It follows from item (iii) of Proposition EH and Proposition 15.21 that X, —y X 
has to be an isolated simple blow up point of {u^}, using the fact that (11061) guarantees (l79l) . By 
item (ii) of Proposition 15. II we obtain an opposite side inequality of (11061) . Contradiction. 

If dist g (Xi , Z 2 i) —> 0 as i —y oo. Let {aq,..., x n } be the conformal normal coordinates 
centered at X % . Define 95 , as that in the proof of Proposition 16.21 with Z Xl replaced by X,. Since 
sup Q Ui < bui(Xi), we must have <yCj(0) —> 00 by the Liouville theorem in liT2l or |[36il ; see the 
proof of (11031) . Because of (fl2l) and (fl3l) . 0 has to be an isolated blow up point of {(pi}; see 
Remark EH It follows from the contradiction hypothesis (11061) . which guarantees (|79|) . as in 
the proof of Lemma Eli that 0 has to be an isolated simple blow up point of { 99 *} for i large. 
Then we we arrive at a contradiction by item (ii) of Proposition EH again. 

Therefore, we complete the proof. □ 

Proof of Theorem 17771 If 77 > 8 and W g \ 2 > 0 on M, Theorem II .11 is a direct corollary of 
Theorem ll.31 Hence, we only need to consider 77 < 9 or (M, g ) is locally conformally flat. 

By Proposition 16. II it suffices to consider that p is close to Suppose the contrary that 
there exists a sequences of positive solutions Uj e C 4 (M) of P g Ui = c(n)u^ on M, where 
Pi —y (77 + 4)/ (77 — 4) as * —> 00 , such that max M Ui —> 00 . By Theorem [ 6 ~il let X t —y X e M 
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be an isolated simple blow up point of {ui}; see Remark [6711 It follows from Proposition 15.II 
that, in the gx -normal coordinates centered at X, 


lim inf V(r, c(n)G) > 0 , 

r—>0 

where gx a conformal metric of g with det gx — 1 in an open ball Bs of the gx -normal coordi¬ 
nates, G(x) = G g -(X, expjj x) and G g - is the Green’s function of P g -. On the other hand, if 
n = 5, 6, 7 or (iff, g) is locally conformally flat, by Theorem 12. H and Lemma l2i2l we have 

V(r, c(n)G) < —A for small r, 


where A > 0 depends only on M,g. We obtain a contradiction. 

If n = 8 , 9, by Theorem [L3l we have W g {X) = 0. In view of Remark 12.11 we have 


limPfr, G ) 

r —>0 


- 2 f § „_ 1 ' 0 (^), n = 8 , 

-§A n = 9, 


where ip(9) and A are as in Remark [27TT If the positive mass type theorem holds for Paneitz 
operator in dimension n = 8 , 9, we obtain lim,. r() V(r. G) < 0. Again, we derived a contradic¬ 
tion. 

Therefore, Ui must be uniformly bounded and the proof is completed. □ 


8 Proof of Theorem 11.5 


This section will not use previous analysis and thus is independent. The proof of Theorem 1 1.51 
is divided into two steps. 

Step 1. L v estimate. Let u > 0 be a solution of (fl4l) . Integrating both sides of (fl4l) and using 
Holder inequality, we have 



u p dvol g 


uP g (l)dvol g 


' M 


< 


n 


\u 


\\lp(M)\\Q 


9\\lp'(M)i 


where p + £ = L It follows that \\u\\ p Lv l {M) < Vll Qg\\ L p'{ M y 

Step 2. If Ker P g = {0}, there exist a unique Green function of P g . If the kernel of P g 
is non-trivial, since the spectrum of Paneitz operator is discrete, there exists a small constant 
e > 0 such that the kernel of P g — e is trivial. Let G g be the Green function of the operator 
P g — e, where e > 0. Then there exists a constant <5 > 0, depending only iff, g and e, such 
that, for every X G M, we have G(X, Y ) > 0 for Y G B$(X) and \G g (X, Y)\ < C(d, e) for 
Y E M\ B S (X). Rewrite the equation of u as 


PgU — £U = —(u P + Eu). 
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It follows from the Green representation theorem that 


u{X) = - G g {X, Y)(u p + eu)(Y)dvol g (Y ) 


IM 


'B S (X) 


G g (X, Y)(u p + £u)(Y)dvol g (Y) 


' M\Bs(X) 


G g (X , Y)(u p + eu){Y)dvol g {Y) 


< 


/ G g (X,Y)(u p + £u)(Y)dvol g (Y) 

JM\B S (X ) 

< Cmax{\\u\\ p LP(M) , \\u\\ L p(M)} < C. 


By the arbitrary choice of X, we have ||w||l°° < C. The higher order estimate follows from the 
standard linear elliptic partial differential equation theory; see Agmon-Douglis-Nirenberg 0]]. 
Therefore, we complete the proof. 


A Local estimates for solutions of linear integral equations 


Let Q 2 CC Oi be a bounded open set in M n , n > 5. For x, y G Oi, let G(x, y ) satisfy 


G(x,y) = G(y,x), G(x, y) > A 1 *\x - y\ A n , 
I V x Gi{x, y)\ < A^x - y\ A - n -\ l = 0,1,..., 5 


G(x,y) = c, 


l+0W(\x\ 2 ) + 0^(\yf 


\x ~ y | 


n —4 


+ o (4) (- 


x-y | 


n— 6 ' 


(107) 


and let 0 < h e G 4 (f2i) satisfy 

4 

sup h < A 2 inf h and r j \X7 j h(x)\ < A 2 \\h\\ L °°( Br (x)) (108) 

rv Oo ' ^ 


for all i 6 fi 2 and 0 < r < dist(Q 2 , <9f2i). We recall some local estimates for solutions of the 
integral equation 


u(x) 



G(x,y)V(y)u(y) dy + h(x) 


for 


(109) 
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Proposition A.l. Let G, h satisfy (11071) and (11081) . respectively. Let 0 < V E L°°(Lli), and let 
0<«£ C7°(Oi) be a solution of (11091) . Then we have 

sup u < C inf u, 
n 2 02 

where C > 0 depends only on n, A 1 , A 2 , 0 1; fi 2 an d ||C||l°°(Oi). 

Proof It follows from some simple modification of the proof of Proposition 2.3 of PTTl . In fact, 
the third line of (11071) is not needed. 

□ 

Proposition A.2. Suppose the hypotheses in Proposition IA.il Then u E C 3 (B 2 ) and 

IMIc 3 (o 2 ) < C'||^||L°°(ni), 

where C > 0 depends only on n, Ai, A 2 , the volume of if, dist( fl 2 , and HVHloo^). 

IfV E C' 1 (Oi), then u E C 4 (f2 2 ) and for any CC fl 2 we have 

IIv 4 w|| l°°(q 3 ) < c'IMU« , (n 1 ), 

where C > 0 depends only on n, A 1 , A 2 , the volume offl 2 , dist(Ll 2 , dLlf, dist(Q 3 , dVi 2 ) and 
\\V\\c'{B 3 y 

Proof Let / := Vu. If k < 4, making use of (11071) . (11081) and (11091) we have 

S7 k u(x) = f V k G(x, y)f{y) dy + \ /k h(x) forxefi 2 , 

and thus 

|VVa;)|<A 1 ||/|| L oo (ni) [ \x-y\ n - 4 + k dy+\V k h(x)\ 

< C(||«||l°°(Oi) + II^IU-(Oi))- 

Since u and V are nonnegative, we have 0 < h(x) < u(x). We proved the first conclusion. 

Let fi 3 CC fl 2 . Without loss of generality, we may assume dfl 2 E C 1 . If V E C X (Q 1 ), we 
have / E C 1 (fi 2 )- By the third line of (11071) . we see 

V x G(x, y ) = ~V y G(x, y ) + (0 ( 3 ) (kl) - 0( 3 )(M))|x - y\ 4 ~ n + 0®(\x - y\ 5 ~ n ). 

We have for x E Ll 3 and 1 < j < n, 

V Xj V 3 u(x) = / V Xj VlG{x,y)(f(y)-~f(x))dy-f{x ) [ V 3 G(x, y) Vj dS(x) 

J0 2 ^d0 2 

+ f(x)0(l \x-y\ 1 -"Ay)+ f V XJ VlG(x,y)f(y) dy+ V IJ V 3 h(x), 

J 0,2 J Qi\Q 2 

where v = (u\,, v n ) denotes the outward normal to Oif. By (11071) and (11081) . the proof 
follows immediately. Hence, we complete the proof. 

□ 
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B Riesz potentials of some functions 

Lemma B.l. For 0 < a < n, we have 


if a < fi < n, 
if F = n, 
if n > n. 


\ x _ y |n Q(1 + \y\Y 


d y 


OL — fl 


(1 + |x|) 

< C(n, a, f) {(1 + \x\) a ~ n log(2 + \x\), 
(l + \x\) a ~ n , 
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